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Abstract 

We prove that sufficiently regular solutions to the wave equation O gK <E> = on the exterior of a 
sufficiently slowly rotating Kerr black hole obey the estimates |<3>| < C(t*)~i +rl on a compact region of 
r. This is proved with the help of a new vector field commutator that is analogous to the scaling vector 
field on Minkowski and Schwarzschild spacetime. This result improves the known robust decay rates that 
are proved using the vector field method in the region of finite r and along the event horizon. 



Contents 

1 Introduction [3 

2 Geometry of Kerr Spacetime 6 

2.1 Kerr Coordinates |6 

2.2 Schwarzschild Coordinates 

2.3 Null Frame near Event Horizon 

3 Notations 19 

3.1 Constants 9 

3.2 Values of t* 9 

3.3 Integration |9 

4 Vector Field Commutators \w 

4.1 Vector Field Commutators under Metric Perturbations 1C 

4.2 Commutator S 11 

4.3 Commutator fli 11 

4.4 Commutator Y [l2 

5 The Basic Identities for Currents 

5.1 Vector Field Multipliers [12 

5.2 Vector Field Multipliers under Metric Perturbations LL3 

6 Statement of Main Theorem \14 

7 Vector Field Multiplier N e and Mild Growth of Non-degenerate Energy \14 



"Mathematics Department, Princeton University, Princeton, NJ 08540. E-mail: jluk@math.princeton.edu 



1 



8 Integrated Decay Estimates and Boundedness of Non-degenerate Energy \w 

8.1 Estimates near Spatial Infinity 17 

8.2 Estimates near the Event Horizon 

8.3 Cutoff, Decomposition and Separation 

8.4 The Trapped Frequencies 

8.5 The Untrapped Frequencies 

8.6 The Integrated Decay Estimates 

8.7 Boundedness of the Non-degenerate Energy 

9 Vector Field Multiplier Z and Decay of Non-degenerate Energy 

10 Estimates for Solutions to □ gK $ = 

11 Estimates for Y$ and Elliptic Estimates |45 

12 Estimates for 0$ [52 

13 Estimates for S$ Hi 

14 Improved Decay for the Linear Homogeneous Wave Equation 

15 Discussion [62 

16 Acknowledgments 



1 Introduction 

A major open problem in general relativity is that of the nonlinear stability of Kerr spacctimcs. These 
spacetimes are stationary axisymmetric asymptotically flat black hole solutions to the vacuum Einstein 
equations 

R^ = 

in 3 + 1 dimensions. They are parametrized by two parameters (M,a), representing respectively the mass 
and the specific angular momentum of a black hole. (See Section [2]). It is conjectured that Kerr spacetimes 
are asymptotically stable. In the framework of the initial value problem, the stability of Kerr would mean 
that for any solution to the vacuum Einstein equations with initial data close to the initial data of a Kerr 
spacctime, its maximal Cauchy development has an exterior region that approaches a nearby, but possibly 
different, Kerr spacetimc. 

In order to study the stability of Kerr spacetimes, it is important to first understand the corresponding 
linear problem. One way to approach this is to study the linear scalar wave equation O gK <!> = 0, where gx 
is the metric on a fixed Kerr background and O gK is the Laplace-Beltrami operator. This can be compared 
with the proofs of the nonlinear stability of the Minkowski spacetime in which a robust understanding of the 
quantitative decay properties of solutions to the linear wave equation plays a fundamental role [6] , [18] . 

The Kerr family of spacetimes contains a one-parameter subfamily known as the Schwarzschild spacetimes 
for which a = 0. It is natural when studying the wave equation on Kerr spacetimes to begin by focusing on 
the wave equation on Schwarzschild spacetimes. Pointwise boundedness and decay of the solutions to the 
wave equation on Schwarzschild spacetimes has been proved in [27], [15], [20], [4], [10], [17], [3] [11], |24j . 
In particular Dafcrmos and Rodnianski used the vector field method to show that on the exterior region 
of the Schwarzschild spacetimes, including along the event horizon, solutions to the linear wave equation 
satisfy |$| < C(i*) _1 , where t* is a regular coordinate (up to the event horizon) that approaches infinity 
towards null infinity. In an earlier work |19j . we improved this decay rate. More precisely, we showed 
that sufficiently regular solutions to the wave equation D 5 $ = on the Schwarzschild black hole obey the 
estimates |$| < C ri (t*)~i +ri for any r\ > on a compact region of r, including along the event horizon and 
inside the black hole. 
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This paper generalizes the above result to Kerr spacetimes where a <?C M. For Kerr spacetimes satisfying 
this condition, Dafermos and Rodnianski [7] , and subsequently Andersson and Blue [2] , have proved a decay 
rate in the exterior region of the Kerr spacctimc, including along the event horizon, of |$| < C(t*)~ 1+n , 
where t* is a regular coordinate to be defined later, and with t* we will define a foliation of the exterior 
region of Kerr spacetime by the spacelike hypersurfaces E t *. Extending the methods in [JJ5], we are able to 
improve this decay rate using the vector field method. In particular, we have 

Theorem 1. Suppose O gK & = 0. Then for all r\ > and all M > there exists ao such that the following 
estimates hold on Kerr spacetimes with (M,d) for which a < ao-' 

1. Improved Decay of N on- degenerate Energy 

M . 

V / {D^f < C R E M (t*)-^. 

J=0 iE f .n{KU} 



2. Improved Pointwise Decay 

M 

\D j $\ < C R E' M (t*)-% +r > for r<R. 

3=0 

Here, D denotes derivatives in a regular coordinate system (See Section^). Em and E' M depend only on M 
and some weighted Sobolev norm of the initial data. 

A more precise version of this theorem will be given in Section [6] Our proof relies on an analogue 
of the scaling vector field on Minkowski spacetime. Recall that in Minkowski spacetime the vector field 
S = tdt + rd r is conformally Killing and satisfies [□„!,£] = 2D m . Hence any estimates that hold for $ a 
solution to □,„$ = would also hold for S*$. However, S has a weight that is increasing with t. Hence one 
can hope to prove a better estimate for $ using the estimates for S§. (See, for example, [To]). 

In [19], we introduced an analogue of the scaling vector field on Schwarzschild spacetimes. We defined, in 
the Regge- Wheeler tortoise coordinate (see Section [2]), the vector field S = td t + r*d r *. In [19], we studied 
the commutator [O gg , S] and showed that all the error terms can be controlled. Thus, up to a loss of t v (for 
r] arbitrarily small), S& obeys all the estimates of $ that were proved in [10]. In particular, we showed that 
5$, like $ itself, obeys a local integrated decay estimate 

jT j ' (D k ^fdrdt < CE k (t')- 2 for t' <t< (l.l)t'., 

^ J ' (SD k 3>) 2 drdt < CE k {t'y 2+ri for t' < t < (l.l)t'. 

From this we proved an improved decay of the L 2 norm of D k $>. We will explain the main idea in the case 
k = 0. Firstly, the local integrated decay for $ would already imply that on a sequence of ti slices, with 

U < U + i < (1.1) U, $ obeys a better decay rate, namely $(ti) < Ct i 2 . We then introduced a new method 
to use the estimates for S<&, which can be explained heuristically as follows. Given any time t, we find the 
largest i ?; < t that has a better decay rate. Then we integrated from ij to t using the vector field S. Notice 
at this point that S has a weight that grows like t. Hence we have, at least schematically, 



/ $(t) 2 dr<C / ®(ti) 2 dr + t- l \ I I S ($ 2 ) drdt\) 

J n \J ri J ti J r\ J 

We then notice that the last term can be estimated by the local integrated decay estimates 
| f f ' S ($ 2 ) drdt\ <c( f [ $ 2 drdt + f [' (S$) 2 drdt) < Cr 2+r ' . 

Jti Jri \Jti Jri Jti Jri ) 



3 



Putting these together, we would get 

®{t) 2 dr < cr 3+r >. 

Using this method, we also showed the improved decay for the L 2 norm of higher derivatives. Pomtwisc 
decay estimate thus followed from standard Sobolev embedding. 

In this paper we would like to carry out a similar argument. We introduce a scaling vector field (which 
we again call S) which is the same as in [19] at the asymptotically flat end, but is smooth up to and across 
the event horizon. We will prove a local integrated decay estimate for S , $ and use the argument in |19j as 
outlined above to prove an improved decay rate. The most difficult part of the argument is to control the 
error terms coming from the commutation of O gK and (the modified) S, i.e., the term [O gK ,S]&. To control 
this, we need to use estimates for derivatives of $, which in turn is provided by the energy estimates for the 
homogeneous equation O gK $> = proved in [7] and [8]. This term schematically looks like 

[n gK ,S]$ = 0(l)D 3A -$ + 0(r- 2+s )(D 2 $ + L>$ + rDf<Z>), (1) 

where y is an angular derivative on the 2-sphere. The term 0(l)O gK & vanishes since we are considering 
O gK <f> = 0. We note that the other terms have the following two desirable features. Firstly, although S has 
a weight in t* , the commutator is independent of t* , which is a result of dt* being a Killing vector field. 
Secondly, these terms decay as r — > oo, which is a result of the asymptotic flatness of Kerr spacetimes. The 
last term would appear to have less decay in r, which is also the case in Schwarzschild spacetimes. In that 
case, we controlled this term in |19j by commuting the equation with f2, the generators of the spherical 
symmetry of Schwarzschild spacetimes. The quantity f2$ would then give us control over an extra power 
of r. One difficulty that arises in the case of Kerr spacetimes is that they are not spherically symmetric. 
Nevertheless, following |8], we can construct an analog of f2, call it O, which is an asymptotic symmetry, i.e., 
the commutator [D 9K , f2] would decay in r. The non-degenerate energy of f2<I> would then control the last 
term in the above expression. Moreover, it is sufficient to define f2 only when r is very large since otherwise 
the factor in r can be absorbed by constants. Notice however that in a finite region of r, the commutator 
[D gK , S] would in general be large. 

In order to understand what quantities of S$> have to be controlled, we re-derive the energy estimates 
in [8] in the slightly more general case of the inhomogeneous equation □ gK ( E > = G. This would also immedi- 
ately imply that for the linear inhomogeneous equation O gK $> = G with sufficiently regular and sufficiently 
decaying (both in space and time) G, the solution $, assuming that the initial data is sufficiently regular, 
would decay with a rate of (t*)~ 1+n , precisely as that in [5]. We will then apply this to the equations for 
i7<f> and 5$. In order to derive these energy estimates, we will use the (non-Killing) vector field multipliers 
N and Z. N is a modification of dt* so that it is timclikc everywhere, including near the event horizon. The 
use of -/V tackles the issue of supcrradiance, a difficulty that arises from the spacelike nature of dt* near the 
event horizon. Z is an analogue of the conformal vector field u 2 d u + v 2 d v in Minkowski spacetime and is 
used to prove decay. 

Since we will use vector field multipliers that has weights in t* and r, in order to prove the energy 
estimates at t* = r for the inhomogeneous equation would have to control the term (as well as other similar 
or more easily controlled terms): 

[[ (t*) 2 r 1+s G 2 , 

where the integration over space and the t* interval [to,t]. In order to prove the energy estimates for S§, 
we need to show that for G as in (TJ), this is bounded by C(t)' ? . We split this into two parts: r < and 
r > y. For r < 4-, first we notice that since G decays in r, we can replace r 1+s by r ~ 3+2S . Then, we use 
the fact that 

V ff r - 1+5 (D k $) 2 < Ct- 2+ \ 

k=1 J Jn((i.i)-w,T)n{r<i^} 

Hence if we sum up the whole integral by integrating in [tq, (I.I)to], [(1.1)to, (1.1) 2 to] etc., we will get a 
bound of 

Llog tJ + 1 

£ (l.l)Vo ~„ t\ 

i=0 
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For r > y, we do not have a decay estimate for the integrated in time estimate. However, we would still 
have an almost boundedness estimate: 

Y [f r - 1+5 {D k $) 2 <Cr". 

^iiR((l.l)-iT,r)n{r>^} 

Notice, moreover, that G 2 ~ r~ 3+<5 (£> fc <I>) 2 and this region we have r~ 3+s < (i*)~ 2 r~ 1+<5 . Hence we again 
have 

Y [[ G 2 < Cr- 2 +\ 

k=1 J Jn((i.i)-^T,T)n{r>^-} 

and the required estimate followed in the same manner as in the case r < \. 

With the modified S, which is smooth up to the event horizon (contrary to |19j). we can prove the 
improved decay estimates for the L 2 norm of $ and D$> once these error terms are controlled. Using the 
commutation with the Killing vector 9 t », we would also have control for L 2 norm of Dd^^>. Away from the 
event horizon, this is sufficient to control all other derivatives by elliptic estimates. However, since near the 
event horizon, df is not Killing, we would not have control over other derivatives. Here, we follow [2] and 
[8] and commute the equation with a version of the red-shift vector field - Y . Once we control DY k d J t * $ wc 
can use the wave equation to control (any derivatives of) ^k<f>, where ^ is the Laplacc-Bcltrami operator on 
the sphere, which is elliptic. We can thus control derivatives of $ in any directions. Wc will show, moreover, 
that the commutator [O gK , Y] has the property that the inhomogeneous terms can be controlled once we 
have controlled the L 2 norm of Dd k ,^. This implies that Y<& would decay in the same rate as dfQ for which 
we have already derived an improved decay rate. 

We now turn to some history of this problem. We mention some results on Kerr spacetimes with a > 
here and refer the readers to [8], [19] for references on the corresponding problem on Schwarzschild spacetimes. 
There has been a large literature on the mode stability and nonquantitative decay of azimuthal modes (See 
for example (22], [H], [28], [12], [13] and references in [8]). The first global result for the Cauchy problem 
was obtained by Dafcrmos-Rodnianski in [7], in which they proved that for a class of small, axisymmetric, 
stationary perturbations of Schwarzschild spacetime, which include Kerr spacetimes that rotate sufficiently 
slowly, solutions to the wave equation are uniformly bounded. Similar results were obtained later using an 
integrated decay estimate on slowly rotating Kerr spacetimes by Tataru-Tohaneanu [25] . Using the integrated 
decay estimate, Tohaneanu also proved Strichartz estimates }26| . 

Decay for general solutions to the wave equation on sufficiently slowly rotating Kerr spacetimes was first 
proved by Dafcrmos-Rodnianski [8] with a quantitative rate of |$| < C(t*)~ 1+Ca . A similar result was 
later obtained by P] using a physical space construction to obtain an integrated decay estimate. In all of 
[25] . [8] and [2], the integrated decay estimate is proved and plays an important role. All proofs of such 
estimates rely heavily on the separability of the wave equation, or equivalcntly, the existence of a Killing 
tensor on Kerr spacetime. In a recent work [9], Dafcrmos-Rodnianski shows that assuming the integrated 
decay estimate (non-degenerate up to the event horizon if it exists) and boundedness for the wave equation on 
an asymptotically flat spacetime, the decay rate |$| < C(i*) _1 holds. This in particular improves the rates 
in [5] and [5] . In a similar framework, but assuming in addition exact stationarity, Tataru |24| proved a local 
decay rate of (t*)~ 3 using Fourier-analytic methods. This applies in particular to sufficiently slowly rotating 
Kerr spacetimes. Dafermos and Rodnianski have recently announced a proof for the decay of solutions to 
the wave equation on the full range of sub-extremal Kerr spacetimes a < M. 

In view of the nonlinear problem, it is important to understand decay in a robust manner. In particular, 
past experience shows that refined decay estimates might not be stable in nonlinear problems. The vector 
field method is known to be robust and culminated in the proof of the stability of the Minkowski spacetime 
[6], [18]. We prove our decay result using the vector field method with the expectation that the method 
will be useful for studying nonlinear problems. As a model problem, we will study the semilinear equation 
with a null condition on a fixed slowly rotating Kerr background. In a forthcoming paper that we will show 
the global existence of solutions with small initial data for this class of equations. We will also study the 
asymptotic behavior of these solutions. The null condition, which is a special structure of the nonlinearity, 
has served as an important model for the proofs of the nonlinear stability of Minkowski spacetime and we 
hope that it will find relevance to the problem of the nonlinear stability of Kerr spacetime. 
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We end the introduction with an overview of the paper. In Section^ we will introduce the Kerr geometry, 
including a few different coordinate systems that we will find useful in the rest of the paper. In Section [4l 
we introduce the (non-Killing) vector field commutators that will be used in this paper. These include the 
scaling vector field S, which is the main tool for obtaining improved decay rates in this paper. In Section [31 
we introduce the formalism for vector field multipliers. We then have all the notations necessary to state the 
precise form of our main theorem in Section [51 In Section [5] and [51 we prove the main energy estimates 
using the vector field multipliers N, X and Z. We write down the energy estimates in the most general form, 
allowing for the possibility to control the inhomogeneous terms in different energy norms. Such generality 
is unnecessary for the result in this paper, but will be useful in studying the null condition. Starting from 
Section [TU1 we return to the homogeneous equation. In Section [TU1 we write down the energy estimates 
proved in [5] . We then derive the energy estimates after commuting with Y, Cl and S in Sections [TT1 Q21 and 
[13] respectively. Finally, using the estimates for we prove the main theorem in Section [T4l 



2 Geometry of Kerr Spacetime 
2.1 Kerr Coordinates 

The Kerr metric in the Boycr-Lindquist coordinates takes the following form: 



9K=-[l- 



2M \ „ l + ^#^ j2 2 / a 2 cos 2 9\ 

1 dt 2 H ^ T dr 2 + r 2 H dO 2 



1 ML -)- Sl 



2 / a 2 (2M 

r 2 1 + -r + 



a 2 sin 2 i 



sin 



4M- 



a sin 



(2) 



r 1 + 



dtdcj). 



In this paper, we will consider Kerr spacetimes with a small. It can then be thought of as a small perturbation 
of Schwarzschild spacetimes because by setting a = 0, we retrieve the metric for Schwarzschild spacetimes: 



1 - —J dtl 



1 - 



2M 



dri + rldd 2 + rl sin 2 



The Cauchy development of Kerr spacetimes can be described schematically by taking a two dimensional 
slice as in the following diagram: 




Figure 1: Kerr spacetime 



Notice that ([2]) represents the metric on the exterior region (the right hand side in the diagram). In the 
coordinate system above, this is the region {r > r + }, where r + is the larger root of A = r 2 — 2Mr + a 2 . 
This is the region that we will study. We foliate the exterior region of the Kerr spacetime by hypcrsurfaces 



G 



E T as depicted in the diagram. A precise definition of the hypersurface S T will be given in in Section [ 
The coordinates in ([2]) are not regular at the event horizon T-L + — {r = r + }. It will be helpful in the sequel 
to use different coordinate systems on Kerr spacetimes. From now on we will call the coordinate system on 
which the metric ^ is defined the Kerr (t, r, 9, (f) coordinates. We define a new coordinate system - the 
Kerr (t, r* , 0, <f>) coordinates by 



dr A ' 

2Mr + a 2 is zero at the event horizon. In this coordinate system, the metric looks like 

1 + ?L^£) d6 2 




-dtdcj). 

Notice that since the definition of r* depends only on r, it would be unambiguous to talk about the vector dt 



2.2 Schwarzschild Coordinates 

In order to compare calculations on Kerr spacetimes to calculations on Schwarzschild spacetimes, it is helpful 
to exhibit a diffcomorphism between the two. We do so by defining an explicit map between the coordinate 
functions (t,r,6,4>) on a Kerr spacctime and the coordinate functions (ts,rs,6s,(f>s) on a Schwarzschild 
spacetime with the same mass. These will be defined differently near and away from the event horizon. Take 

r<r Y - 

\ - r v~ r + ' 

r > r Y - 



X(r) = 

{ U r >r Y - 

where r+, as above, is the larger root of A = r 2 — 2Mr + a 2 and r Y > r + is a constant to be determined 
later. With this x( r )i we can then define 

r| - 2Mr s = r 2 - 2Mr + a 2 , 

dh(r) 2Mr 



ts + x(rs)2M log (r s - 2M) = t + x{r)h(r), where 

0s = 

4>s = 4> + x{ r )P{ r )i where 



dr r 2 - 2Mr 
dP(r) _ a 



dr 

Then, by identifying (ts,rs,0s,(j)s) with the corresponding coordinate functions on Schwarzschild space- 
times, we have a diffcomorphism between Kerr spacetimes and Schwarzschild spacetimes. This coordinate 
system will be used and will be called the Schwarzschild (ts,rs,9s,4>s) coordinates on Kerr spacetimes. 
Once we have this diffcomorphism, we can put any system of Schwarzschild coordinates on Kerr spacetimes. 
These include the Schwarzschild (t* s ,rs,0s,4>s) coordinates, where t* s = ts + x( r s)2M log (rs — 2M) and 
rs,0s,0s are defined as above. We also define t* = t s = ts + x( r s)2M log (rs — 2M) and use the Kerr 
(t* ,r,9,4>*) coordinates. Notice that d t » = d t *- 

It is common to denote on Schwarzschild spacetimes /j, = ^M.. We will take the same notation on Kerr 
spacetimes, with the understand that it is always defined with respect to the Schwarzschild rs coordinates. 
In particular (1 — /x) approaches as r — > r + (the event horizon). 

Another system of Schwarzschild coordinates can be defined by considering two coordinate charts on the 
standard unit 2-sphere and introducing a system of coordinates (a;g,a;g) on each of them. We then define 
the Schwarzschild (t* s ,rs,Xs,Xs) coordinates in the obvious manner. Using this coordinate system and the 
diffcomorphism as above, we have, for small a: 

\(gii) a - (gs) a p\ < cr~ 2 . (3) 

This smallncss assumption will be used throughout this paper. 
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2.3 Null Frame near Event Horizon 

Some extra cancellations for the estimates near the event horizon are best captured using a null frame. Hence 
we define a null frame {V, Y, Ei, E 2 } in the region r < ry, where 7y is to be determined later. On the event 
horizon, 

is the Killing null generator. A direct computation shows that it satisfies 

V V V = kV, 

where k is a strictly positive number on the event horizon. Wc want to extend V to a null frame. On 
the event horizon, define Y first on a 2-sphere given by a fixed t* to be null, orthogonal to the 2-sphere 
and require that gK(V,Y) = —2. Define also locally an orthonormal frame {Ei,E%\ tangent to the fixed 
2-sphere. Notice that in the sequel, we will only need to work with a local null frame. We then extend this 
null frame off the fixed 2-sphere on the event horizon (with V\u = V) by requiring 

V f y = V Y V = \7 Y E A = 0, (4) 

where A E {1,2}. Then extend this null frame using the isomorphisms generated by V. We notice that the 
above equations hold everywhere. If we choose ry close enough to r + , we still have, by Taylor's Theorem, 

V V V = nV + b Y Y + b 1 E 1 +b 2 E 2 , (5) 

where, in r + < r < ry, K is a strictly positive function bounded away from and \b a \ < C (1 — fi). 
In Schwarzschild spacetime, consider the frame on S 2 given by { r i s ] n g s d<f>s > T^^e s }- Then we get 

V = (1 + n)d t * + (1 - ^)d rs ,Y = d t * - d rs , E x = —d 6s , E 2 = 

6 rs rs sin as 

Since we consider Kerr spacetimes on which the metric is close to that on a Schwarzschild spacetime, we 
have that, in (t* , r, 6, <p*) coordinates, the null frame can be expressed as 

V = (1 + fi)d t * + (1 - mR + Oi(e)0, 

Y = d t *-d r + 1 (e)d, 

E x = ld 6 + 1 (e)d, 
r 

E 2 = -±—d r +0 1 (e)d. 
r sin 

Alternatively, if we write E a , where a — 1, 2, 3, 4, for the null frame, we have 

(1 + (i)dt- + (1 - l*)8r = V + 1 {e)E a , 
d t ,-d r =Y + 1 (e)E a , 
dg = rE 1 +0 1 {e)E a , 
dp =rsm6E 2 + 1 (e)E a . 

We also define the vector fields V, Y, Ei,E 2 outside {r < ry} by requiring them to be compactly supported 
in {r < ry} (for some ry to be determined) and invariant under the one parameter families of isometries 
generated by df and dp . Notice that in particular there is no requirement that the vector fields form a null 
frame in the region {ry < r < ry}. 
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3 Notations 



3.1 Constants 

Throughout this paper, we will use C to denote a large constant and c to denote a small constant. They 
can be different from line to line. We will also use A to denote bootstrap constants and we think of A to 
be large, i.e., A^> C. We also use the notation Oi(l) and Oi(e) to denote terms that are bounded up to a 
constant by 1 and e, with bounds that improve by r _1 for each derivative up to the z-th derivative. We will 
also use the notation / ~ g to denote cf < g < C f . 

There are some constants that we will choose in the proof. The following arc values of r in the Kerr 
coordinates: 

, IIM 
r+ <r Y < r+ < — — < R n . 

Ty and 7y will be fixed in Remarks |4] and [3] respectively 

There are also smallncss parameters which can be thought of as obeying 

0<<5<e<77<e. 

e will always be used to denote the smallness of the specific angular momentum a of the spacetimes that 
we are working on. r\ ~ Ce will denote the loss in the decay rate of the solutions to the wave equation as 
compared to that on Schwarzschild spacetimes. e will be used to construct the non-degenerate energy. 8 and 
8' will simply be used as a small parameter whenever they are needed in the analysis. 8 and 8' need not be 
fixed from line to line. 



3.2 Values of t* 

We will adopt the following as much as possible: t* will denote a general value of t* . In particular, it will be 
used as integration variables, r will denote the t* value for which we want an estimate, tq will denote the 
t* value where the initial data is posed. We will always assume tq > 1 and the reader can think of To = 1. 
When integrating, we will often denote the endpoints by t' and r. Finally, at a few places we will need to 
choose a particular value of t* in an interval. This is usually done to achieve the max or min of the energy 
quantities. Such choices will often be denoted as f. 



3.3 Integration 

Definition 1. Define the following sets: 

1. S r = {t* = t} 

2. TZ{t',t) = {r 1 <t* <t} 

3. n{T l 1 T) = {r = r+,T l <t* <t} 

When integrating on these sets, we will normally integrate with respect to the volume form which we 
suppress. On E T the volume form is y/det <7if |e t . On 7£(t',t), the volume form is \fdetgx- However, on 
the event horizon H(t',t), the surface is null and the metric is degenerate. Nevertheless, on H(t',t), the 
integrand will always be of the form J^n^. + , where is the normal to %{t' , t). We will hence take the 

volume form corresponding to the (arbitrarily) chosen normal. Occasionally, we will also integrate over the 
topological 2-spheres given by fixing t and r. We will denote the volume form by dA = -y/det gxls 2 - 

For some computations, however, it is more convenient to write down the volume form explicitly in 
coordinates. In our notations, the following two expressions denote the same integral: 

/ /= / f^detgK^drdOdct). 

When we write the integrals, we will often use J J to denote an integral over a spacetime region and use 
/ denote an integral over a spacelike or null hypersurface. 
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Notice that the volume form on £ t * can be compared with that on 1Z(t' ,t). In particular, we have 

UtZ(t',t) ^ ^ (X f » 

4 Vector Field Commutators 

In this section, we discuss the vector field commutators that we will use in this article. One obvious such 
vector field is the Killing vector field df which satisfies 

[n gK ,d t ,] = o. 

As we will see, this is not sufficient to control all the higher derivatives of the solution $ near the event 
horizon. We will follow [7] and [5] to define the commutator Y. The main innovation in this article is to 
define the vector field S that would be used as a commutator to prove the improved decay rate for the 
solution $. We would also need the vector fields f2j to control the error terms coming from the commutator 

4.1 Vector Field Commutators under Metric Perturbations 

Some computations are easier in Schwarzschild spacctime than in Kerr spacetimc. In the sequel, we will 
often consider consider a fixed vector field on the diffcrcntiable structure of the Schwarzschild exterior. We 
now show that for such vector fields, the commutators with O gs and O gK are close to each other as long as 
a is chosen to be sufficiently small: 

Proposition 1. Consider either the Schwarzschild (t* s ,rs,Xg,Xg) coordinates or (ts,rs > ry,Xg,Xg) 
coordinates. Suppose V is a vector field defined on either of these coordinates. Then 

2 2 

\[n gK -n gs ,v]<£\ < Cer- 2 (Y1 £ m Q ax|am n |9fc$l) ' 

m — 1 k—1 

where d is the coordinate derivative for the coordinate system on which V is defined. 
Proof. We rewrite 

D ss = afdocdp + Vs 9 <*, 
a 9K = 9°^dadj3 + rixd a . 

Using |(ffj f)qff - {gs ) a p \ < er~ 2 and \d 7 ((g K ) a i3 ~ {gs) a p)\ < tr' 2 , we have | V~ det g K - V- dot g s | < er~ 2 
and |9q(V — det gK — \/— det gs)\ < er~ 2 . Therefore, 

sup \gf -g K 9 \+ sup |„g - Vk \ < Cer- 2 . 

Therefore, 

\[D gi< n gs ,V]$\ <\{g^ - gf ){d a dpVr)d^\ + 2\{gf - gf)d a V d d^\ + - n a K )(d a V)d^\ 

2 2 

<Cer~ 2 {J2 ^sup|a m U a ||5 fe $|). 

m—1 k—1 

□ 
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4.2 Commutator S 

We construct a commuting vector field S on Schwarzschild that is different from |19j and is stable under 
perturbation. 

Define S = t* s d t% + h(r s )d rs , where h{r) = { {f + 2MJog(r . _ 2M ]ZIm - 2MlogM)(l - M ) r > Sf ' 
for some large i? and is interpolated so that it is smooth and non-negative. Notice that for r > R, since 
t* = t, this agrees with the definition in [19] . Therefore we have 

P„, s] - ( 2+ qe) + ? -i- 2=e) ». +2 ((£ -i) - ^2) a (o) 

where is the Laplacc-Beltrami operator on the standard sphere. In the coordinates (t* ,r,6,<ft), 

□ ffs = -«i (r) ft 2 + a 2 (r) a 2 + a 3 (r) ftft + a 4 (r) ft + a 5 (r) ft + f . 

The crucial observation is that all Oj are smooth and bounded and depend only on r. Noting that ui does 
not depend on t, we have 

[□ 9S ,S]=/3i (r) ft 2 + & (r) ft 2 + ft (r) ftft + ft (r) ft + ft (r) ft + ft (r) f . 

Again, it is important to note that all ft are smooth, bounded and depend only on r. The form of ft for 
r > R is given by ([5]). 

We consider the same vector field S on Kerr. Using Proposition [TJ and noting that d m S a is bounded for 
m > 1, we have that for r > R, 

\[n gK ,s}*- (2 + ^) n te *-H (7 - 1 - ^) ((7 - 1) - ^7) A*l < c-- 2 (E 1**1). 



and that for r < R, 

2 

IP SA -,5]$|<C^|^$|. 

fe=i 

4.3 Commutator fij 

Let Sl^ be a basis of vector fields of rotations in Schwarzschild spacetimes. An explicit realization can be 
SI = ft,,sinft9 e + cos s f n c ° s8 ft,cos cj>de ~ sin g f n c g se ft. Define f2» = x(r)Q; to be cutoff so that it is supported 
in {r > and equals S7j for r > Rq + 1 for some large R. On Schwarzschild spacetimes, Sl^ is Killing and 
therefore SI; is Killing for r > R + 1. Therefore, 

P, SI fli] = jiW (9 2 + s), 

where x is some function depending only on r and is supported in {Rq < r < Rq + 1}. 
Using Proposition [1] we have 

Moreover, since SI; vanishes for r < Rq, we have trivially, 

[□ gK ,J%]$ = 0, for r<ifo. 
From now on, we will write tl to denote any one of the fij, while taking the norm to be |S1$| = We 

i 

would like to point out that this commutator is useful to gain powers of r near spatial infinity. In particular 
we have 

r 

This extra power of r is essential to control the error terms arising from the commutation of O gK with 5*. 
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4.4 Commutator Y 

Let Y, as in Section [2]3, be a vector field that is null near the event horizon, normalized with respect to 
another null vector V and is cut off to be compactly supported in {r < ry}- 

Proposition 2. On Kerr spacetimes such that e is small, we have for r < r Y , 

\[U gK ,Y]§ - kYH\ < C (\Dd t .$\ + e\DH\ + |D$|) , 
where k > c > is as in {5|). 

Proof. The principal term for the commutator [D 9K ,Y]$> is 2^ y V A " y £' M D^$, where ^'ir^ is the deformation 
tensor defined by ^'-k^v = ^{D^Yv + D^Y^). We look at three terms that are useful in deriving the estimates. 

^TTyy = g(D y Y, V) = - g (Y , D yV ) = 2«, 
f ] *VE A \ =\\ (g(D v Y,E A )+g(D EA Y,V)) \ < Ce, 

f ] KE A E B \ =\\ (g{D EB Y,E A )+g{D EA Y,E B )) \ < Ce, 

where the smallness in the the second and third line come from the assumption that we are close to 
Schwarzschild. Notice also that for r < ry, V is C° close to d t * . Therefore, in the commutator, the 
main term is 

All the other second order terms either have a dt* derivative or small. □ 

5 The Basic Identities for Currents 
5.1 Vector Field Multipliers 

We consider the conservation laws for $ satisfying D s $ = 0. Define the energy-momentum tensor 

V = d^d v $ - ^g^d a <bd a <S>. 

We note that is symmetric and the wave equation implies that 

D^T^v = 0. 

Given a vector field V^, we define the associated currents 

J v (*) = VTp, ($) , 

K v ($) =W n^T^ ($) , 
where ^iTuv is the deformation tensor defined by 



{V) 7r^ = -(D l M, + D„V ll ). 



In particular, K v ($) = if V is Killing. Since the energy-momentum tensor is divergence-free, 

D"J V ($) = K v ($) . 

We also define the modified currents 
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Then 



K v,w ^ = R v ^ + wd v§Q v § _ -U g w^ 2 . 

4 8 



D l* jV,w ^ = K V,w ^ _ 

We integrate by parts with this in the region bounded by S T! £ T < and H + (t' , r). We denote this region as 
1Z(t',t). Denoting the future-directed normal to T, T by , we have 



Proposition 3. 



/ Jl ($) n£ T + I Jl ($) n£ + // K v ($)= [ Jl ($) < t , . 

J£ T J-H(t'.t) JJh(t',t) jt,^, 



J V , wV (*) < + / J^" (#) n£ + + / / if^" ($) = / J^" ($) < , . 

S T JH+(t',t) v : ; JJTI(t',t) Jt, t , 

One can similarly define the above quantities for the inhomogeneous wave equation = F. In this 
case, the energy-momentum is no longer divergence free. Instead, we have 



In this case, 



For the modified current, 



D^ u = Fd u §. 
D»Jl ($) = K v ($) + FV v d v §, 



Proposition 4. 



/ jy + / jy (*)< +(T/ , r) + // ir v (*) 

JS T JH(t',t) JJiI{t',t) 

JE T , t JJiZ{t>,t) 

J V , wV (*) < t + /' J / r- wV (*) n£ + // tf^ ($) 

JH(t',t) ' JJTZ(t',t) 

5.2 Vector Field Multipliers under Metric Perturbations 

If we consider Kerr spacetimes such that e is small, vector fields multipliers that are defined in the Schwarzschild 
(<*, r, a;" 4 , cc B ) coordinates or Schwarzschild (t, r > 7y , cc A , x B ) coordinates are stable. We can consider a fixed 
vector field defined on the differentiable structure of a Schwarzschild exterior and compare the currents ob- 
tained using the Schwarzschild metric and the Kerr metric. 

Proposition 5. Consider either the Schwarzschild (t* s ,rs,Xg,Xg) coordinates or (tg,rs > ry, x^,Xg) 
coordinates. Suppose V is a vector field defined on either of these coordinates. 

\(Js' wV )A*X T ~ (4 V 'M$KJ < Cer~ 2 mzx\V a \(d<P) 2 , 
\K$ wV ($) - K V k wV (*) | < Cer- 2 ( (V^ max |9 fe ^ Q | + M)(d$) 2 + 1] |9 m w|$ 2 ) 

V k=0 m=l / 
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6 Statement of Main Theorem 



With the currents defined, we can state our main theorem. 

Main Theorem 1. Suppose O gK & = 0. Then for all rj > 0, R > r + and all M > there exists ao such that 
the following estimates hold in the region {r + < r < R} on Kerr spacetimes with {M, a) for which a < ciq: 

1. Improved Decay of N on- degenerate Energy 

2 



j=0 JT, T D{r<R} 



2. Improved Pointwise Decay 



3=0 




i+k+j<i+7 St o 



tZ+CN,w z 

V 



w z 



Here the vector field N will be defined in Section [?J - the vector field Z with the modifying function 
will be defined in Section^ 

Remark 1. We will show that although J^' w ($) t is not always nonnegative, J Z+CN > W ($) t is 
nonnegative for sufficiently large C. Hence all the energy quantities in the Theorem are nonnegative. 

Remark 2. Since we have the improved decay of the non-degenerate energy, the above Theorem can be 
extended beyond the event horizon. More precisely, for any r\y G (7'_,r + ), where r_ is the smaller root of 
A = r 2 — 2Mr — a? , the theorem holds up to r > r& for D understood as a regular derivative inside the black 
hole, and with the constant depending also on . The proof would be similar to that in 111 



7 Vector Field Multiplier N e and Mild Growth of Non-degenerate 
Energy 

Kerr spacetime has a Killing vector field dt- The conservation law gives that 

Jl (*) < t + I Jj (*) = f jj ($) < + // 9 t d>G. 

T. T JU(t ,t) JS to JJk(to,t) 

We add to the Killing vector field dt a red-shift vector field. Here, we use the "non-regular" red-shift vector 
field as in [8]. Under this construction, N e is C° but not C 1 at the event horizon T~L + . Compared to the 
smooth construction in [7], this construction would provide extra control for some derivatives near 1-L + . 
Define 

Y = yi (r)Y + y 2 (r) V, 

where 

1 

yi (r) = 1 - 



2/2 (r) 

ition Y is compa 

generated by dt* and d<p 



(log(r-r+)) 3; 
1 



(log(r-r+)) 3 ' 

Notice that by this definition Y is compactly supported in {r < ry} and is invariant under the isomorphisms 
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Proposition 6. Let N e = dt* + eY. For any e, there is a corresponding choice of e -C e and r Y such that 
for every integer p, there exists c p > such that 

horizon , 

E A <£{E 1 ,E 2 } 

J?°($)n^~ £ (^*) 2 + e(D^*) a , Kr<r y , 

B a e{Si,E 2 ,V} 

J^ e ($) 7i(£ ~ (9$) 2 , /or r > ry in the (t* , r, x A , x B ) coordinates, 
K N < ($) > c p e ^| Iog(r - r+)|" N%$) 2 + ]T (^ A $) 2 ^) + 2 J , /or r < r Y , 

K N °($)< CeJ^' ($)< t , /or r Y < r < r+ . 

Proof. It is obvious that y is timelike and future oriented for r < r Y . Since 9 t * is casual in the exterior 
region of Schwarzschild spacetime and is null only on the event horizon, for every small e > 0, there exists 
sufficiently small e > such that N e is timelikc and future directed on Kerr spacetimes up to the event 
horizon. The first two estimates hold since in Kerr spacetime, dt* is e-close to V on the event horizon. The 
third estimate holds because outside a small (depending on e) neighborhood of the event horizon, dt* is 
timclike. 

To show that K Ne ($) has the required positivity near the event horizon, we compute the deformation 
tensor. First, notice that 

3D Y r 

D yVi = D Y y 2 = - r-j — ttj. 

(r-r + )(log(r-r + )) 4 

Using this wc have 

(Y) ^vv = 9K{Dy( Vl Y + y 2 V),V) = -g K (viY + y 2 V, D y V) = 2 Vi k + b Y y 2 , 



6D Y r 
(r - r+)(log(r - r+)) 4 



(Y) * Y y = 9K(D Y ( yi Y + y 2 V),Y)~ 



{Y) ^vy = ^9k(D v { Vi Y + y 2 V), Y) + -g K (D Y ( yi Y + y 2 V),V) = — — ^ ^ + ym + y 2 b Y , 

2 v 2 1 (r — r + )(log(r — r+)p 

Moreover, we have 

(r) (Y) (Y) -O(l) 

VE A > Y Ea ' n E A EB — UK 1 )- 

Notice that 

T YY ~ (D Y ^) 2 ,T VV ~ (D^) 2 ,T Yy ~ |y$| 2 , 

and that ^ Y '^ye 1 ^y e a ' ^e^Eb have no terms of the form (D^^ 1 ) 2 . Hence we can choose r^ suffi- 
ciently close to r + such that for r + < r < r Y , 

K Y ($) >ck (D Y $) 2 + — ^ ^ ( (D v $) 2 + £ (^ £A $) 2 ] . 

(V - r+ )|log(r -r + )| 4 \ a / 

Since d t * is Killing, ($) = eX y ($), wc have 



* N ° (*) > (k (D y $) 2 + ^ ( (^$) 2 + £ (^ A d>) 2 

\ (r - r+)|log(r - r+)| 4 ^ 

Finally, since in the region r^ < r < r Y , J^'n^ controls all derivatives, we have 

^ < CeJ N. ($) n ^ ; f orr -< r < r +. 



for r < r y , 



□ 
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Definition 2. We call the positive quantity J^" (<!>) n E the non- degenerate energy. 

The following identity determines how the non-degenerate energy changes with r. 
Proposition 7. Let $ satisfy □ Sfc <I> = G. Then 

JS T JH(to,t) J JlZ{T ,T)n{r< r -} 

= [ J^($)< +e// K Y (<P)+ [ (9 t .$ + ey$)G. 

JS T0 T ° 7 J%,r)n{r-<Kr+} Jk(t ,t) 

The estimates given by the vector field N is sufficient to show that modulo inhomogcneous terms, the 
quantity J s ($) n E cannot grow too much in a short time interval: 

Proposition 8. Let $ satisfy O gK & = G. For e sufficiently small, e <C e and < r — r' < 1, w;e /iawe 

[jf'Wr^+f Jf($K + < 4 / J»°mn»,+C[[ G 2 . 
Js T J-h(t'.t) Je , JJh(t',t) 



Proof. We first note that J/ k(t , T ) n { r -<r<r+} (*) - ^ /r' Is- (*) n s^ r ' witn C independent of e 
and e whenever e <C e < 1. Then, by Proposition [3 

/ ^ (*)<+/ 

JE T JU(t',t) J JK(T',T)n{r<r~} 

= [ Jf' , + e // K Y ($)+ [ (d t ^ + eY$)G 

J^ T , T J J 'u(t' »fl{ry <r<r+} Jk(t',t) 

<f J?'&)n£ ,+Ce f T [ J»°($)n^df + 5' ft ((d t *<P + eY<S>)) 2 + (5')- 1 [ [ G 2 
Js T , Jt' Js f JJk(t',t) J Jh(t',t) 

< I J? (*) < , + + 2Ce) / T / ($) n^df + (<5T 1 / / G 2 . 
By Gronwall's inequality and absorbing (<5') _1 m t° the constant C, we have 

/ J^mnl<2[ Jf-W^+Cff G 2 . 
Now the estimate for the term horizon follows from Proposition [Jj □ 

8 Integrated Decay Estimates and Boundedness of Non-degenerate 
Energy 

In this section we would like to show an integrated decay estimate. We first follow to construct a vector 
field and prove an integrated decay estimates for the terms near spatial infinity. That construction is in turn 
inspired by [53]. In [T5], the decay rate in r of this integrated decay estimate is crucial to control the error 
terms arising from the vector field commutator S. In the sequel, such estimate would also facilitate many 
computations as we prove the full integrated decay estimate. 

In view of the red-shift, all derivatives of $ can be controlled near the event horizon. However, we would 
also like to prove an integrated decay estimate that controls $ itself near the event horizon. This is in 
contrast to the integrated decay estimate in [8] which degenerates near the event horizon. This extra control 
is useful as we are considering the inhomogcneous problem. 

The proof of the integrated decay estimate for a finite region of r away from the horizon follows that 
in [8]. We would like to remark that one difference here is that we do not assume the boundedness of 
is J (^) n s ( ev< 3 n after ignoring inhomogeneous terms). We would instead like to prove the boundedness 
of J E J^ e (<f>) u Et using the integrated decay estimates. We will, however, use Proposition [5] 
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The reader should think of this integrated decay estimates as analogous to the estimates associated to 
the vector field X in jTD] , [7] , [19] . However, it is impossible to obtain such estimates using a vector field in 
Kerr spacetimes and we therefore resort to a phase space analysis (see [T]). 

To perform the phase space analysis, we will take the Fourier transform in the variable t* , take the Fourier 
series in the variable <p* and express the dependence on the 9 variable in oblate spheroidal harmonics. Carter 
[5] discovered that with this decomposition, the wave equation can be separated. However, in order to take 
the Fourier transform in the variable t* , we need 4> to be at least in L 2 . To this end, we perform a cutoff in 
the variable t* . 

8.1 Estimates near Spatial Infinity 

In this subsection, we follow [E5] to construct a vector field X = f(r*)d r * so that the spacctime integral 
that can be controlled with a good weight in r. We refer the reader to ([H], Proposition 8) for the following: 

Proposition 9. In Schwarzschild spacetimes, using (t, r* , x A , x B ) coordinates, there exists X$ = f (r*)d r * 
and Wg supported in r > i 3 -^- such that 

for r* > max{100, 100M} and 

I / j^($)<j<c / 

This implies via stability (since the vector field is supported away from the event horizon) the following: 

Proposition 10. In Kerr spacetimes, using (t* , r, x , x B ) coordinates, there exists X and w x supported in 
r > such that for some large R, 

K x,w* > c ^ L.-1-S (0 r „$)2 +r -i|y$|2 + r -3-s^ _ C^er- 2 (<9 t .$) 2 , 

for r* > R and 

Now it is easy to construct the following vector field on Schwarzschild spacetimes: 

Proposition 11. In Schwarzschild spacetimes, using (t, r* , x A , x B ) coordinates, there exists Xs = f (r*) d r * 
supported in r > -^p- such that 

K* (*) > cr- 1 " 5 (9 f .$) 2 - C (r' 1 ' 6 {d r *<5>f + r^lf^ 2 + r" 3 "" 5 * 2 ) , 
for r* > max{100, 100M} and 

i / jf($xj<c/ j^m< T . 

Proof. Let / be supported appropriately and / (r*) = p-^rp whenever r* is large. □ 
As before, a stability argument would give: 

Proposition 12. In Kerr spacetimes, using it* ,r,x A ,x B ) coordinates, there exists X supported in r > pp 
such that for some large R, 

K* ($) > cr- 1 - 5 {dt^f - C~ (r- 1 -* {d r ^f + r^lf^ 2 + r^V) , 

for r* > R and 
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Now using the vector field X + \-^X and modifying function w , we get the following estimate for e 
sufhciently small: 



Proposition 13. 



n(T ,r)n{r>R} 



<C f / ($) < t + / J» m nl + [[ ( ($) < t , + $ : 

+ // (l^l + r-^DlGM. 

JJK(t ,t) J 

8.2 Estimates near the Event Horizon 

The integrated decay estimates shown in [5] is degenerate around the event horizon. Here we will prove the 
corresponding estimates near the event horizon. In view of the availability of the red-shift estimate K e , we 
will focus on the zeroth order term $ 2 . It turns out that we can use a construction in 1191. 



Proposition 14. In Schwarzs child spacetimes, using (t, r* , x , x ) coordinates, there exists X^ = f h {r*) Br- 
and w Xh supported in r < such that 

K X h ,w*H ^ > c (( 5r ,$)2 + |y $ |2 + ^ ^ 

for r <r y and 

\[ j^($)<j<c/ j^(*K t 



and 

Proof. Let 



A/ 3 /i 3 r 3 
X. = / fc (r&) 3 r , = -x(r) (1 + 4/i _ 2) ft- 5 = - X (r) g (1 + ^_ a) ^, 

where x( r ) is a cutoff function that is compactly supported in r < ^^p- and is identically 1 for r < r Y . Also, 
let 

^=2/Ur*) + ^%(r*). 

From now on, we will focus on the behavior when r < r Y and treat the terms in {r Y < r < ^r-} as errors. 
Recall that on Schwarzschild spacctime: 

K x,^ („) = m {dr ^f + (2zMl£l m 2 

1 — fi 2r 



/"' (r*) + -/" (r*) + (r*) - ^ (3 - 4 M ) / (r*) $ 



4 y 1 — /i '' v ' ' r J v ' ' r 2 r 3 

look at the sign of t 

positive: 



>2 



We now look at the sign of this expression for r < r Y . It is easy to see that the coefficient for (9 r «$) 2 is 



/' (r*)=(l- M )S r / (r) 



fir 2 (1 - m) > c(l-n) 



(l + 4/i- 2 ) 2 
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The coefficient of |y$| 2 is also clearly positive. A computation shows that 



-/'"+-/"+ 4/' (3 -w 



1 — fx J r' ' r 2 r 3 
_ fi 6 (192 + M (128 + /2 (-784 + /x (464 + /x (-28 + /x (52 + A t (-3 + 4/x))))))) 

4(4 + ^ 2 ) 4 

We want to show that P(/x) = 192 + pt (128 + /U (-784 + /x (464 + // (-28 + /x (52 + /x (-3 + 4/x)))))) > ± for 
i<M<L 

192 + 128/x - 784/x 2 + 464/x 3 = 16 (-12 - 20fi + 29/x 2 ) (/x - 1) > 0. 
52 — 3/x + 4/x 2 reaches its minimum at |. Hence, 52 — 3/x + 4/x 2 > 
-28 + /i (52 - 3/x + 4xt 2 ) > -28 + ±±£f > ^. 
Therefore, P(/x) > |g§ > l for i| < ^ < L Therefore, for r < ry, 

K X h .w x h ^ > c (( 9r .$)2 + |y $ |2 + _ 

The second statement 

i / j^- wXh mn^\<c f j?°mn» T 

and the third statement 

\J* h ' u,Xh (<*>)<+! <cj^(*K + 

follow from the boundcdncss of fh and iy x ' h and that on the Schwarzschild horizon dt = <9 r * ■ Hence in both 
estimates, the constants are independent of e for e small. □ 

Noticing the Xh and w h are actually smooth up to the event horizon, this implies via a stability 
argument: 

Proposition 15. In Kerr spacetimes, using (ts,rs,x^,x^) coordinates, there exists Xh and w Xh supported 
in r < such that 

— o 

for r < ry and 

| / J^ h ($)/ s J<c/ 

and 

Together with the red-shift, we therefore have the following integrated decay estimate near the event 
horizon. 

Proposition 16. 

($ 2 + iC^($)) 

n(T ,r)n{r<r Y } 

<C ( j J»- ($) + / ($) < + // (4> 2 + (*) n£ t . ) 

/ (|5 r .$|+r-- 1 |$|)|G| + | // (5 t .$ + eF$)G| ) . 

/•R(r ,T)n{r<^i} J JR(T ,T)n{r<2fi} / 
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8.3 Cutoff, Decomposition and Separation 

Following [5], we define the cutoff 

where 

e = x(**-l-r)x(-**-l + A 
for some smooth cutoff function x(x) that is identically 1 for x < —1 and support on {x < 0}. Then 

We then decompose in frequency. We decompose the Fourier transform in t of $ into Fourier series in <f> and 
oblate spheroidal harmonics: 

=]riO(r)S m£ ( aW ,cos0)e"^. 

We also decompose the inhomogcneous term F (which comes both from the original inhomogeneous term G 
and the cutoff): 

F = Y1 Kt(r)S m e(au, cosfl)e™*. 
Letting Q be a sharp cutoff with such that £ = 1 for [ac j < 1 and Q = for |x| > 1, we define 
%= r C( — ) V i^(r)S tn! (aw ) co8e)e < ' n *e &rt dw 



/oo 
C(— ) V ICi(r)Smi(au,coB6)e im *e iut du 
-oo w l , . w . 

"°° Wl m : i:A m! (w)>A 2 w 2 

/oo 
(!-C(— )) E iCW^mi^cos^e^e^dw. 



In this decomposition, we think of lj\ as large and A2 as small. 
8.4 The Trapped Frequencies 

Trapping occurs for An integrated decay estimate is proved in detail in [8]. We refer the readers to 
Section 5.3.3 of |S]. Notice that the first term on the right hand side in the following Proposition is different 
from that in jS], but the inequality still holds as a result of the proof of the corresponding inequality in jS]. 

Proposition 17. 



00,00) 



<c 



(x*jj + Xidr^f + Xl { | r _3M|>f }J? (*!,) < t » ) 

{d t ^ T T ,f + Ce f (d r K,f + dt* f (2f(r 2 + a 2 ) 1 ' 2 Fud r «{{r 2 + a 2 ) 1 ' 2 ^,) 

«(-oo,oo) Jn(-ao,ao) J -oo Jr>R V 

A 



+/'(r 2 + a 2 )R$;,) j sin9 dc/) d0dr* +6' // ($;,) 2 + (d r *$;,) 2 

4 s r + a J Jizn{r<R} 

+ C(6')- 1 [[ F 2 , 

J JlZn{r<R} 

where x is a weight that degenerates at infinity and near the event horizon and f is increasing and f 
tan -1 r ~ a ~V° _ tan _1 (— 1 — a)~^ , for r > R for some fixed a. 
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8.5 The Untrapped Frequencies 

For each of the pieces that are untrapped, i.e., $jy for > = b, d or jj, a vector field is constructed in [5] so 
that 

X (*>) +*i)<cff K** ($,) , 

/K(-oo,oo) x 7 J JK(-oo,oo) 

where % is a weight function that both degenerates at infinity and vanishes around the event horizon. Using 
this vector field and the conservation identity, it is shown in Section 5.3.4 in [8] that 

Proposition 18. 

J JlZ( — 00,00) 



<C ^($K + +C(<5')-M/ F 

JW(-oo,oo) J JK(-oo,oo)n{r<iJ} 

+ c<s' // ($;,) 2 + (a r .a>;,) 2 + i {r <- i} J M Ar (^K t , 

J J-R.(-oo,oo)n{r<_R} s J 



+ / (ft*/ (2/(r 2 +a 2 ) 1 /2( Fb+F ((r 2 + a 2 ) i/ 2(f) . /) 

J-oo J{r>R} V 

+./"(r 2 +a 2 )(F b +F d + F(j)$^) ^ ^ ^ sin d0 rifl dr* , 



where x an d f are exactly as in Proposition 

Proof. This inequality is essentially borrowed from Section 5.3.4 in [5]. The only difference is the first term 
on the right hand side of the inequality. In [8] , the estimate 

JU(-oo,oo) JT, T , 

is used. Here, we have not proved boundedness of the solution and hence we are content with the estimate 

X *(if>,\nt i <r n I T^e ( iff \ \i 



00,00) — 00,00) 

Notice that this estimate holds for C independent of e because is constructed as fd r * and on the event 
horizon, d r * = 0(1)V + 0(e)E A . □ 

8.6 The Integrated Decay Estimates 

In order to add up the estimates in the previous sections, we need a Hardy-type inequality: 
Proposition 19. For R' < R, 



S T n{r>i?.} JS T n{r>B,'} 

Proof. Let k(r) be defined by solving 

k'{r,e,4>) = r a ~ 2 vol, 

where vol = vol (r, </>) is the volume density on E r with r, 4> coordinates, with boundary condition 
k{R',6,4>) = 0. Now 



f r a- 2$2 = fff k'(r)<S> 2 drd6d(j> 

JT, T JJJr + 

k(r)<5>d r <5>drd0d(j) 



~ 2 UII ~^F) (5r$)2 drd9d ^) 2 (/// k '( r )^ 2drded( ^j 
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Notice that vol ~ r 2 , k(r) ~ r a+1 and k'(r) ~ r a . Hence ^r^y ~ r a vol. The lemma follows. □ 

We now add up the estimates for 3>^, $^ and 
Proposition 20. 



r -S-dQ. 



JU(t',t) 



+C +r- 1 |$|) |G| +C| // (5 t .$ + eF$)G| 

J Jk(t'-1,t+1) J J7?.(T'-l,T + l)n{r<23M.} 

+G // G 2 ) . 

JJR(t'-1,t+1) / 

Proof. Since the function / appears identically in Propositions [T7] and 1181 we can add up the estimates to 
obtain: 

// ^ ^ (x(^(* b ) + ^(*<) + 1 ^^ 



<G/ J^mn^+CiS')- 1 F 2 

+ CS' [[ ($-,) 2 + (9 r ,^) 2 + l {l .<-i } ^(^K ( , 

+ d*' (2/(r 2 + a 2 ) 1 / 2 ^ + F d + + F fl )d r , ((r 2 + a 2 ) 1 / 2 ^,) 

+/'(r 2 + a 2 )(F b + jr, + Jj, + F^) sm6d<f>d6 dr* . 

By the definition of the cutoff, we have the pointwise equalities 



F = F l> +F ti +F,+F i 



Therefore, we have 



J JlZ( — 00,00) 



./M(t'-1,t+1) J JTZ(-oo,oo)n{r<R} 

+ cs' [[ ($^) 2 + (5 r .$;,) 2 + i { ,<^} J ^(^K t , 

di* / (2f(r 2 + a 2 ) 1/2 Fd r *((r 2 + a 2 ) 1 ? 2 ^,) + f'(r 2 + a 2 )F<f> T T ,) sin g d<t> d6 dr* 

J{r>R} V 1 r + a 

First, by Proposition [FJ we have 

J?' (*K + <C [ J»° , + C [ J%> (*) nl + f ($)n£ + . 

W(r'-l,r+l) JS T , JK T JH(t',t) 

Recall that 

F = iG + 2D a <f>D a l; + 
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Notice that by the definition of £, the last two terms are supported in the t* range (t' — 1, r') U (r, r + 1). 
Moreover, since £ depends only on t* , the only terms involving are dt*& and 0(e)d^^. Using this, we 
immediately have the following with C independent of e as long as e <C e: 

CiS'y 1 [[ F 2 

J JTZ(-oo,oo)n{r<R} 

<C(«5T 1 ([[ G 2 + ff (r-H 2 + J"- (*) < t 

\J JH(T'-l,T + l)n{r<R} JJE(t'-1,t')UK(t,t+1) v 

Similarly, we have 

/ /'(r 2 + a 2 )F<S> T T ,- sin (9 d<pd9dr* 

J-oo J{r>R} r + a 

<c(f{ r- 1 \$\\G\+ ff (r-H 2 + J*« , 

\J JH(t'-1,t+1) ijR(r'-l.r')UK(r.r+l) V 

The other term with F is more delicate to estimate. One of the terms in the expansion does not have 
sufficient decay in r: 



00 r A 

dt* I 2/(r 2 + a 2 ) 1/2 Fg,-((r 2 + o 2 ) 1/2 ^) „ 2 , g sin 6 dtf> d6 dr* 

-oo J {r>R} 



r 2 + a 2 



<C[ [[ r- l \<Z>\\G\+ II (r- 2 $ 2 + jf ($)< t 

\J Jk(t'-1,t+1) J«(t'-1,t')UK(t,t+1) v 

/°° r A 
dt* / 2/(r 2 +a 2 ) 1/2 $D„ K £d r .((r 2 +a 2 ) 1/2 $)£^ , sin d<f)d9 dr* 
-oo J{r>R} T 1 + a 2 

Nevertheless, noting that £ is independent of r* , an integration by parts in r* would give 

/OO f A 
dt* / 2/(r 2 + a 2 ) 1/2 <S>n qK ^((r 2 + a 2 ) 1/2 <S>)£- sin 9 d<f> d9 dr* 
-oo J(r>m r + a 



{r>R} 

oo r /A 

2 , „2^2 - 



(it* / (r 2 + a 2 )$ 2 ^Dg if ^5 r .« / — ^ sin 9 d(j) d9 dr* + boundary terms 

oo J {r>R} V r + a " J 

<C II r~ 2 $ 2 , 

where the boundary terms can be controlled (after possibly changing R) by pigeonholing in r G [R, R + 1]. 
By the mild growth estimate of Proposition [8l the estimate near the event horizon from Proposition [16] and 
the Hardy inequality of Proposition [T51 



7?,(t'-1,t')U7?.(t,t+1) 



r" 2 $ 2 + jf (*)<. 



<C / (*)«£,+ / G 2 

\JS T / T JS T T JJR(t'-1,t')UR(tj+1) , 

Therefore, using all the above estimates and noticing the support of £, we have 

L(r',r) 

<C(5')" 1 



// x(i { , r _3Mi>f } ^^K t ,+^ 

I J?' (*K , + 1 / (*) + C / (*) n£ 4 

JS T , JE T JHCt'.t) 



if r-^WGl+CiS')- 1 II 

TI{t'-X,t+1) J JTI(t'-1,t + 1) 



CS / / $ 2 + (gV.*) 2 + l {r<2fi} J^($)< t , 

' ln(T',r)n{r<R} - 8 
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We add to this the estimates near spatial infinity and the event horizon, i.e., Propositions ITBI and \W[ to get 

H(t' ,t) 



JS X JU(t',t) 



+ C {\d r *<S>\+r- 1 \$\)\G\ + C\ (d t *<£ + eY<S>)G\ 

J Jn(r'-1,T+1) iJK(r'-l,T+l)n{K^} 

+ CiSr 1 If G 2 + C5' jj <E> 2 + (9 r ,$) 2 + l {r< ^ } J?(*)nl. . 

J Jk(t'-1,t+1) JJK(T'-LT+l)n{r<fi) 

By choosing 8' sufficiently small and absorbing (S 1 )^ 1 into the constant C, we can absorb the last term: 
-1-4 n T^ ^ e('^>^^M i „-!-£ fa ^ ^^^2 , „-3-<5^2 



7J(r',r) 

JE T , T J£ T JH(t',t) 

+ C [[ (|a r .$|+r- 1 |$|)|G| + C| // (9 t »$ + eF$)G| 

JJK(r'-l,T+l)n{r<^t} J JR(r'-l,r+l)n(K^l) 

+ c/7" G 2 . 

J Jh(t'-i,t+i) 

using Proposition 151 and IT51 at the last step. □ 
Definition 3. From now on, denote 

K x ° ($) = r- 1 - 5 l {|r _ 3A/| > f } J* ($) + r- 1 - 6 (ft$) 2 + r^ 5 * 2 , and 

K x * (*) = r- 1 - 5 ($) < t + r- 3 - 5 $ 2 . 

FFe remark that this is a slight abuse of notation because these "currents" do not arise directly from a vector 
field. 

8.7 Boundedness of the Non-degenerate Energy 

Proposition 21. Let <f> satisfy □ £(K < £ > = G. For e sufficiently small and e -C e, we Ziawe 
/ ^ (*) < + / (*) < + + // K»- ($) 

iS T JU{t',t) J JK(T',T)n{r<ry} 

<C[[ JF'(*)n&,+\[[ d t ,$G\ + \[[ eY<PG\ 

\JS T , T J J1Z(t' — 1,t+1) J JK(t'-1,t+1) 

+ ff (\a r $\ + r - 1 \$\)\G\ + ff G A, 

J JTZ(t' — 1,t+1) J JK(t'-1,t+1) ) 



Proof. We recall that 



J JTL(t' ,T)n{r~<r<r+} J r> JT, f 



with G independent of e and e whenever e <C e < 1. At this point, we choose rf, < ^M- < 2M£. Hence this 
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term can be controlled by the integrated decay estimates. Then, by Proposition [71 

JS T JU(t\t) J Jll(T',T)n{r<r-} 

= [ J^($X,+e/"/ K Y ($)+[[ (d t .$ + e y$) G 

JS T , T J Jn(T',T)n{r-<r<r+} JJk(t',t) 

<[ J?'Wn£,+Ce [ T [ J^($)n^df+\ ff (d t , $ + eY<S>) G\ 

< I J?' (*) < , + Ce ( f (*) < t + / (*) n»,+ [ J?> ($)n£ + 

JS T / \^E T ./E T / JH(t',t) 

+ ff (\d r $\ + r- x \$\)\G\ + \ ff G 2 )+\[[ {d t *® + eY$)G\. 

JJk(t'-1,t+1) J JK(t'-1,t+1) / JJTI(t',t) 

Hence, the Proposition holds if e is chosen to be sufficiently small. □ 

Remark 3. From this point on, we will consider and e to be fixed. After e is fixed, the vector field N e 
will be written simply as N . 

We now estimate the inhomogencous terms in Proposition 1211 

Proposition 22. 

/ j? (*) < T + I ^ (*) «&++// k n m+n k x « ($) 

JS T JH(t',t) J JTZ{T',T)n{r<r-} JJh{t',t) 

<_c (/ e (., „ L + (/;;; <?) *«,)'♦ * 

Proof. Adding the estimates in Propositions [20] and S times the estimates in Proposition [21] 

J? (*) < T + / ^ (*) K N ($) + 6 ff K x ° ($) 



G 2 



K(t'-1,t+V) 



<C[ [ ^ ff (|9$|+r- 1 |$|)|G|+ // 

J JR(t'-1,t+1) JJT, 
\JS T JH(t',t) J 

<c d J? c, ^ + m (/^ ,» c, <. ) 4 j2 ^ ^ ) * 

G J ) + CJ ( / ^ (*) »S, + / (*) <+ ) , 

K(r'-1,T + 1) / WXI T JH(t'.t) I 



where at the last step we have used Proposition [19] Choosing CS < |, we can absorb the last term to the 
left hand side to get 

J» (*) < T + / ^ (*) <+ + // K N (<P) + S ff K x « ($) 

JH(t',t) J JTZ(T',r)n{r<ry} JJh(t',t) 

<c (i j? c) »s„ + t . eir s,,p rti] (/^ j» c) » L ) * *) 4 *• w 

G 2 ^ . 

K(r'-1,T + 1) / 



25 



By considering the above estimate on [t',t], where f is when the supremum on the right hand side is 
achieved, and using Proposition [8j we get 

/ j% m < f + I (*) < + + // k n (*)+*// k x « ($) 

JE f JU{t',t) J J K(t' ,T)n{r<r~} JJn(T',f) 



We plug this into and apply Cauchy-Schwarz to prove the proposition. □ 

We can also estimate the inhomogeneous terms not in L X L? but in L 2 L 2 , provided that we allow some 
extra factors of r and some loss of derivatives in G. This is especially useful for estimating the commutator 
terms from S, which do not have sufficient decay in t* in the interior to be estimated in L^L? . More precisely, 
we have 

Proposition 23. 

/ j? (<*>) < T + / m < + + // k n ($)+// k x ° ($) 

JT, T JU(t',t) J J1Z(t' ,T)n{r<r~} JJk{t',t) 

<c([ + r^(dp G ) 2 + sup / G 2 ). 

\JX T , m=Q J JK(t'-1,t+1) fe[T'--L,T+l]JS t ,n{\r-3M\<if} J 

Proof. By Propositions [2U1 and [2T1 

JS T JH(t',t) J JH{T',T)n{r<r-} JJk(t',t) 

<C[[ J»'(*)n&,+\[[ d t ,<Z>G\ + \[[ e y$G| 

\JS T / J JH(t' — 1,t+1) J JtZ{t'-1,t+1) 

+ 11 (\d r <£\+r-^\)\G\+ jj G 2 ] 

J Jk(t'-i,t+i) J Jh(t'-i,t+i) ) 

+ C6>( [ J" ($K T + / J^mn^X 
Choosing C5' < |, we can absorb the last term to the left hand side to get 

j» m < T + I j? (*) k n m+lf k x « ($) 

J-H(t'.t) J«(T ; ,r)n{r<r y ) JJK(t',t) 

<c[[ j;($K,i|f/ d t »$G\ + \[[ e y$G| 

\JS T , J ffi(i J -l,T+l) J«(r'-1,T+1) 

+ // (|9 r 0>|+r- 1 |$|)|G|+ // G 2 ). 

JJK(t'-1,t+1) J«(t'-1,i+1) / 
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For the bulk error term, we focus at the region {\r — 3M\ < and integrate by parts. 
\ff dt-ZG] 

J Jn(T'-l,T+l)n{\r-3M\<-f} 

<S' ff <^ 2 + C(5 / )- 1 ff (d t *G) 2 

J Jn(T'-i,T+i)n{\r-3M\<i£} J Jn(T'-i,T+i)n{\r-3M\<if} 

$G| + | / $G| 

E T+1 n{|r-3M|<f} JS T ,_ in {|r-3A/|<f } 

<<5' / / r -3- 5 $ 2 + CiS')- 1 1 1 {d t ,Gf 

J Jn(T>-l.T+l)n{\r-3M\<-f} J Jn(T'-l,T+l)n{\r-3M\<Sf} 

+ sup [8 f r- 2 <S> 2 + C{5')- 1 I G 2 ) 

t*e[r'-l,T+l] \ JX t *n{\r-3M\<%} Js t ,n{\r-3M\<^-} J 

<S' f f r -3-a$2 + C ( S ,yl 1 1 ^ G) 2 

J Jll{T>-l,T+l)n{\r-3M\<M- } J i-R.(T'-l,T + l)n{|r-3A/|<f-} 



sup IS' J? (*)n£ . + G^') -1 / G 2 

t*£[T'-l,T+l] V J2 t , ^S s »n{|r-3M|<^} 



where at the last step we used Proposition [19] 
Therefore, 



/ (*) < T + / # (*) + [[ K N (<&)+// (<£) 

•/£ x ' JU(t',t) J JTl(T',T)n{r<r-} JJ11(t>,t) 

0{[ J?(*)n&,+\ [[ d t *$G\ + \[[ eF$G| 

yJS T , J jK(t'-1,t+1) JJR(t'-1,t+1) 

(|9 r <&|+r- 1 |$|)|G|+ // G 2 ] 

7J(t j -1,t+1) ^R(t'-1,t+1) / 

<C(/ ^ (*)<,+[// dt.QG^+CiS')- 1 [[ r'+ s G 2 (8) 



S T , J J-R(T'-l,T+l)n{|r-3M|<^-} / JJR(t'-1,t+1) 

+ 5' // (r- 3 - 5 $ 2 +r- 1 - 5 (9 r $) 2 + l { r<4} j;($K t .) 

J jR(r'-l,T+l) V 1 - yJ /* / 

<G / J* ($) < , + G(<5T 1 ^ / r 1+5 (9™G) 2 + // ($) 

iS T , T m=fl JB(T'-l,T+l) J«(r'-1,T+1) 



sup U' / J" (*)n£. +C(<5')" 1 / G 2 

t*e[T'-l,T+l] V JE t « "'S t ,n{|r-3A/|<f-} 



where at the last step we have used Propositions [8j [HI Suppose sup S' / ( is achieved 

t*e[T'-i,T+i] Js t * '* 

by t* = f. Apply © on [r', f], we get 



<C [ J? (*) < , + G(y)- 1 ^ // r 1+ * (5™G) 2 + i' // (*) 

Js T / m=0 J Jh(t'-i,t+i) JJr(t'-i,t+i) 

+ <*'/ J? C sup / G 2 , 

JS f t*etr'-l,T+l] JE t «n{|r-3M|<-¥} 
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which, upon choosing 5' < ^ and subtracting the small term on both sides, gives 

<C I J» ($) < , + C(S')- 1 £ // (d"G) 2 + 6' ff K x » ($) 

JS T , T m=0 J J1Z(t>-1,t+1) J JK(r'-l,r+l) 



C sup / G 2 , 



t*e[T'-l,r + l] JE t ,n{|r-3A/|<-|!-} 

Therefore, plugging this back into © 

/ J? (*) + / ^ (*) "&++// * " (*)+// (*) 

JE T JH(t',t) J Jll{T',T)n{r<r-} JJTI(t',t) 

<C f Jj? ($) r +5' [[ K x ° ($) + J' // ($) 

iS T , T ' JJtZ{t',t) ijR(T'-lj')UR(rj+l) 

+ C H II r 1+5 {d™Gf + C sup / G 2 

TO =CT ^(r'-l.r + l) t*e[r'-l,r+l] JS t ,n{|r-3A/|<^-} 

<G / (*) n»,+5'ff K x ° (*) + G<5' / J w (<f>) nf 1 



JE T , J JH{t',t) Js t 

+ C H II r 1+s (d™G) 2 + C sup / G 2 , 

m=0^^ K ( r '" 1 ' T + 1 ) t*e[r'-l,T + l] Js t ,n{|r-3M|<it} 

where at the last step we have used Proposition [8] Finally, by choosing G<5 < i, we can absorb the small 
terms to the left hand side and achieve the conclusion of the Proposition. □ 

Notice that in the proof of Proposition [231 there is a loss in derivative for G because we have to integrate 
by parts in the region {|r — 3M\ < -g-}. Therefore, if G is supported away from this region, we can repeat 
the proof without this loss. In other words, we have 

Proposition 24. Suppose G is supported away from {\r-3M\ < f}. Then 

I J? (*) < + /' J* (*) + ff K N (*)+// (*) 

JUr JH(t',t) J JK{T',T)n{r<r-} JJTZ{t',t) 

<c(f ^mn^, + t II 



L+5 G 2 + sup / G 2 

t*G[r'-l,r + l] Jz t ,n{\r-3M\<-f} 



This will be useful in Section [T51 

In applications, it is useful to have both ways of estimating G. 
Proposition 25. Let G = G\ + G2 &e any way to decompose the function G. Then 

J" (*) < T + /' ^ (*) + // ^ W (*)+// (*) 

S T JH(t',t) J Jll{T',T)n{r<r-} JJTI(t',t) 

r+i / r \i \ 2 rr 



+ E // (f?G 2 ) 2 + sup / . 

m=0 J Jk{t'-1,t+\) t*G[r'-l,T + l] JS t ,n{|r-3M|<M} / 

In the above estimates, only the function $ and its d r derivative can be estimated without a loss around 
the trapped set. To estimate the other derivatives, we need to commute with the Killing vector field d t *. 
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Proposition 26. 

K Xl ($) 

rr+l 



II 

J JK{t',t) 

< c ( E / J ^ 0?*) < , + E f / T+1 f / (3™Gi) 2 ) 2 ) + E // ( 5 ™ G i) 2 

\*=0-/Er' T m=0 \Jt'-1 Vis t . / / m=0 J Jn(r'-l,T+l) 

1 



E // t^) 2 + su p E / 

m=0 J JK(t>-1,t+1) t* G [r'-l,T+l] m=Q Js t » 



n{|r-3A/|<f } 



(9™G 2 ) 2 



Proof. Using Proposition [25] and the fact that df is Killing, we immediately have the following estimate for 
r~ 3 - 5 (9 f .$) 2 

72.(t',t) 

<G I / J* n^, + ^ jT^ 1 (9 t .Gr) 2 ) 2 dt*j + i r+i) (^*Gr) 2 

+ E II r 1+s (d™G 2 ) 2 + sup / (d t »G 2 ) 2 ). 

m=1 iiR(r'-l,T+l) t*G[r'-l.r+l] Js t »n{|r-3A/|<f } / 

This would allow us to estimate all derivatives of $ except for the fact that the estimates for the angular 
derivatives of $ degenerate around r = 3M: 

1(t>,t) 

1 f / r r+l 



1 1 (r-- 1 - <5 l {k -3M|>f + r~ X ~ S (dr<S>f + r- 1 -* (d t ,<t>f + r^ 5 * 

J J1Z(t' ,t) v 

^ C f E / J " n * , + E ( f +1 ( I ( 5 ™ G i) 2 ) 2 + E // ( a ™ G i) 

\ TO _n^S T , T m _ n \Jt'-1 \Jz t , J I m _ n J Jk(t'-1,t+1) 



, m =0"^T' m =0 yr--x v/z. t . / m=0 - -71(t'-1,t+1) 

2 1 \ 

+ E // r 1+5 (3™G 2 ) 2 + sup ^/ (9™G 2 ) 2 . 

m=Q J Jh(t'-1,t + 1) t«e[r'-l.r+l] m=0 Js t ,n{|r-3A/|<f } / 

We now use this known estimate and construct another vector field to control the angular derivatives in the 
region r ~ 3Af. The argument is simple because the estimate is only local. Take f a n{f) to be compactly 
support in 3M - M < r < + ^ an d identically equal to -1 in 3M - ^ < r < 3M + f-. If we consider 
X an = fan{r)d r * in Schwarzschild spacctimc, we get that the coefficient in front of the terms with angular 
derivatives is which is bounded below in 3M — 4r < r < 3AI + 4r- In other words, one gets an estimate 

2r ' 8 — — 8 

of the following form: 



JJk(t'.t) 8 



<G ( / / (r- 1 - tf l,| r _ aM |>M > |y$| a + r- 1 " 5 (5 r $) 2 + r" 1 "* (^$) 2 + r" 3 " 5 <I> ; 



'72.(t',t) 

fr _1_5 ]L { | r _ 3M |>« } | 
/ J* (*)<+/ ($)<,+ // (I^l + Ir-^DIGI 

JS T JS T , T JJn(r',r) 



(9) 



G 2 . 

Using a stability argument, (J9)) would hold also on Kerr spacetimcs. One easily checks that the terms with 
G on the right hand side can be estimated in the same manner as before. Hence, the Proposition can be 
proved by applying Proposition [25l □ 
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9 Vector Field Multiplier Z and Decay of Non-degenerate Energy 



We follow the definition of Z in |8]. Let Z = u 2 L + v 2 L, where u, v are the Schwarzschild coordinates 
u = 5 (t — rg), v = I (t + r* s ), L = d u and L = 2V — L, where V = df + xi r ) 2Mr+ ®4>* w ^h x being a cutoff 

function that is identically 1 for r < ry — ry 2 r+ and is compactly supported in {r < ?*y — ry 4 ' + }. Notice 

that with this definition, V is Killing except in the set {ry — Ty 2 r+ < r < Ty — ry , r+ }. Let w z = 4tr g( 1 ^) _ 
Notice also that while u — > oo as one approaches the event horizon, Z is continuous up to the event horizon 
due to the following (However, Z is not C 1 and hence its deformation tensor is not continuous up to the 
event horizon): 

Proposition 27. In the Kerr (t*,r,6,<f>*) coordinates, 



v 2r - 2M r 

In the null frame near the event horizon in Section^ 3, we can write 

L = lJ / V + l/Y + L A E A , where \L a \ < C(l-fi). 
Hcuristically, we want to show that in the region {r > ry}, 



[ j^ z ($)< t >o. 



Moreover, we would like to have 



These are true modulo some error terms that can be controlled: 
Proposition 28. 



u 2 + v 2 



[ u 2 (m 2 + v 2 (m 2 + (u 2 + v 2 ) iy$i 2 + ( z-j?- 1 & 

<C [ J^^n^+cf J?(<P)n^+C 2 r 2 f J^X- 

JS T JS T JS T n{r<ry} 

Proof. The proof is analogous to that in Minkowski spacetime (see [5T|) and Schwarzschild spacetime (see 
[ID]). Recall that on Schwarzschild spacetime, on a t slice [TU] : 

==L= ( v 1 (Lif + u 2 (US,) 2 + (u 2 + v 1 ) Ifil 2 + 2 ' r ' (1 ~ rt #3,« - r -li}—Afr 
^/l — /J, \ v ' r r 

Now, since t, r* are stable under perturbation on {r > ry — (ry — r+J /4}, we have, on this set: 

>^=L= (v 2 (l$) 2 + u 2 (m 2 + {u 2 + v 2 ) iy$i 2 + 2 ^ (1 ~ M W <i> - r * {1 ^h 2 



- Cer- 2 ((u 2 + v 2 ) (V$) 2 + t*<S> : 
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We now cutoff $: define i> so that it is supported in {r > r Y — (r Y — r + ) /4} and equals $ in {r > r Y }. 
All the error terms arising from the cutoff will be controlled using the red-shift vector field. 



>/ [y'lLQ] +u'[L<f>) + (u z + v') \f<f>\ 

3 T n{r>ry-(r^-r + )/4} vl — M \ V 

2ir£(l * r* s (l-fx)-- ~ 



The term 

[ ^-rftori 

Js T n{r>rY-(ry-r + )/i} r 

is to be handled by two different integration by parts. Recall that [TU] on Schwarzschild spacetimes we have 

td t $ = vL$ + ulA> - r* s d r * l>, and 



td t <Z> = — vL<P - uL$> cV 

r s \ J r s s 

Therefore, upon integrating by parts, we have on Schwarzschild spacetimes that 

Js^n{r>r--(r--r + )/4} r 

= [ ( (1- A i)^ 2 — (vL$ + uL<$>) 3> + -d r * f(l- fi)r(r*f) $ 2 ) dOd^dr* 

iE T n{r>r--fr--r + V4> V rV / 2 s V J J 



(I-//)?- 2 f ^ (vL$ + ulA>)&+ \ ~^- + — ] $ 2 ] d9d(j)dr*. 



'"S T n{r>r-y-(r Y -r + )/4} 

r 

S T n{r>r^-(r i ;-r + )/4} 

Notice that in the above equation, we suppressed the volume form in our notations in the first line, while 
when we write in coordinates as in the second and the third line, we write out the volume form explicitly. 
Alternatively, we have 

[ fr^-dW* 

^S. r n{r>7v-(ry-r + )/4} r 

= [ ( (1 - n) r 2 — ( vL$ - uL$) $ + -d r , ((1 - /i)r (t* ) 2 ) <l 2 ) dO d<j> dr* 

Jx T n{r>r--(r--r + )/4} V r V 7 2 ^ 

= / (l-pt)r 2 ( — (Vl$ -«L$U +IIiJ-$ 2 ) dBd(t>dr*. 

i Sr n{r>r--(r-- r+ )/4) \ V ' 2 r 2 J 

We would like to imitate this integration by parts on Kerr spacetimes. We notice that on the domain of 
integration we have 

td t § = vL$ + ulA - r* s d r *$, and (10) 

tdt® = \ (vL$ - uM>) - 4%$- (11) 

The volume form on a constant t* slice on a Kerr spacetime is close to that on a Schwarzschild spacetime, 
including in the region being considered. In other words, for r > r Y — {r Y — ?*+) /4, 



dVol^ = [r 2 (1-fJ,) * + Oi(e)) drdx A dx B . 
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Moreover, for r > r Y — (r Y — ?"+) /4, 

9 r j = ((l- M ) + 0!(er- 2 ))9 r 

Therefore, using (|10p. we have 



S T n{r>r^-(ry-r + )/4} r 

/ ( (rr<? + 0(e)) (wL* + uL4>) * + ()-d r ((1 - /i)r (r* ) 2 ) + 0(e) J $ 2 J drdx A dx B 

is T n( r >r:-(r:- r+ )/4} V v 7 V 2 v ' J J 



(1-fJ,)^ ( + 0(er- 2 )"j (uL$ + uL$) $ + ( + — + 0(er~ 2 ) J $ 2 



rn{r>r y -(r y -r + )/4} 

Alternatively, we can integrate by parts after using (jlip 



/ 

J£ T n{r>jy-(ry-r + )/4} r 

= / f(rt* + 0(e)) (uLi> - $ + f ia r ((1 - fi)r(t*) 2 ) + 0(e) ) $ 5 

JS T n{r>r--(r--r + )/4} V V 7 V 2 / 

= / (1 - /x)M (~ + 0(er~ 2 )) (vL$ - uL$) $ + ( i^Q- + 0(er- 2 ) j <l 2 

J^n{r>r--(r--r + )/4} \\ V > \ 2 T 2 ^ y 

Therefore, we have 

(*) 



>l ( t> 2 ( L<5> ) +u'(IA>) + (u 2 + v 2 ) \f$\ 2 

r n{r>ry-(ry-r+)/4} V 1 ~ M 



> 



[ -=L= f t- 2 (l$) 2 + u 2 2 + (« 2 + « 2 ) |y$| 2 

7s T n{r>r--(r--r+)/4} V 1 ~ M V V 7 V 7 



vi$ + itL$) $ + i- — (12) 



r \ / z 

- 2 

>c I /x ( fi'L$ + -uLl^ + f uL$ - uL^ 



E r n{r>ry-(ry-f- + )/4} 

(1 -/a) f (vL$ + uIA> + ^ + f vL$ - uL® + — +2(u 2 + v 2 ) \f$\ 2 



r 

2 



-Cer- 2 Uu 2 + v 2 ) (D<$>) + t*$ 

where the last line is obtained by first completing the square and using c < 1 — ^ < C in this region of r. Let 
us for now ignore the error term and look at the other terms (which are manifestly positive). With exactly 



32 



the same argument as in |10j . we have that these positive terms provide good estimates: 



E T n{r>r--(r--r+)/4} 



2 / ,\2 

/i [ ( wL$ + ui$ ) + ( vL$ - uL<& 



(1 - (i) \ [ vL<P + uL<S> + + ^vL^>-uIA> + —^j + 2(u 2 + v 2 ) \f$\ 2 



>c / ( v 2 2 + u 2 2 + (u 2 + v 2 ) \ f§\ 

JS T n{r>r--(r--r + )/4} V V 1 



el r~ 2 f (u 2 + v 2 ) (Z?$) 2 + r$ 2 

'S T n{r>ry-(r--r + )/4} 



Wc refer the reader to [TUj for the proof. This together with (^j bound the error term in (fT!?j) : 

r~ 2 [ (u 2 + v 2 ) fz)^ +r$ ! 



T, T r]{r>r Y -(r Y -r + )/A} 

[ v 2 2 + u 2 (l§>) 2 + (u 2 + v 2 ) |y$| 2 + ^i^<l 2 



c 



S T n{r>r y ,-(r y --r+)/4} 



E T n{r>r y -(r r -r + )/4} 

+ c jf # (4) < 

\ v 7s T n{r>r--(r--r+)/4} V V ' V 

+ (1 - /i) + + ^-^j +(^vL$-ulJ> + —^j +2(u 2 + v 2 ) 

Therefore, if e is chosen to be small enough, then (JT2|) implies that 
s V (*) + jf (*) 

>C / ( V 2(' L $ N ) 2 +U 2^ 2 + ( U 2 +W 2)|y| ) |2 + ^^!| ) 2 

E T n{r>ty-(fy-r+)/4} 



(13) 



We note that c here is independent of the choice of r Y . With this bound we would like to estimate J g2 <& (t, r) 2 . 
Using p3[) . there exists are [?V,ry + 1] such that 

^ * (r, f) a = / 4 (r, ff < Cr~ 2 ( f (*) n% + f J» (*) 

Then for every r € [r+, ry], since 

$ (t, f) - $ (t, r) = y d r $dr, 
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we haw 



*(T,rr< / $( T ,ry + (r-r) I ^ (*K T 

'£ T n[r : r] 



JE x n{r<r~} V/£ T V 7 JE T v 7 



(14) 



Now we need to obtain estimates for $ from that for <&. It is obvious that 



£ T n{r>r y ,} 



« 2 (L$) 2 + (L$) 2 + ( u 2 + « 2 ) \f$\ 2 + ^±^$ 2 



< 



/ ( v 2 (l$) 2 + u 2 (lA>)\ (u 2 + v 2 ) \f$\ 2 + ^±^$ 2 

Js T n{r>r-} \ \ y \ y r 



< I [v 2 [L^y + u 2 [lAY + {u 2 + v 2 )\y^\ 2 + ^±^¥ 

■£. T n{r>r Y -{r Y -r + )/i) 



and 



</ J^mn^+f J»($)n» T +CT 2 [ J^mn^ + Cr 2 f <f> 2 

Js T Js T Js T n{r<r i ;} ./£ T n{r<ry} 

where we have used Proposition [57] to show that the u 2 factor comes with a factor of 1 — fx 

< f J^ Z ($) < t + f J» (*) + Cr 2 / ^ ($) < t 

JS T JS T 7s T n{r<ry} (15) 

+ C(ry-r + )(f ^(*)n£ 

< / (*) < t + / (*) ^ + Cr 2 / J» ($) < r 

JS T JS T JS T n{Kr r ) 

1 



for chosen to be sufficiently close to r+. Then 



, (*) < T + / ^ (*) »£ T 

< / J^ Z ($) < + / (*) + Cr 2 / J* ($) n> 



□ 



Remark 4. From this point onward, we consider r y to be fixed. We note again that r y is chosen so that 
{2P and {HP hold. 

Remark 5. The proof of the above proposition in particular shows that 

[ J Z / wZ mn^+Cr 2 f J^(*)n^>0 

In order to use this Proposition, it is helpful to have a localized version of $. This follows [TU], [S]. The 
idea is to use the finite speed of propagation and cutoff $ outside the domain of dependence. Suppose we 
now focus on the time interval [t',t]. Take G to be any smooth function agreeing with G on the domain of 
dependence of the region (t* = r 7 r < £). Let $ (r') = \^ ( T ')> (r') = x<9t*3> ( T ')i where x is a cutoff 
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function identically equals to 1 for r < and compactly supported in r < Notice that the region for 
which x is one is inside the domain of dependence of the region (t* = t, r < ?) if t' < r < (l.l)r'. We solve 
for n sjf $ = G. 

With this definition of $, we have two ways to estimate the non-degenerate energy of <J>: 
Proposition 29. 



/ ($) < , + C(r')^ / / J;?'™ ($) n£ , 

Proof. The first part is an easy application of Proposition [T5] 

J? ($) < ,<C [ ((D&f + (r')- 2 $ 2 



Following (|T4]) . we have 



<C / ((»f|r- 2 $ 2 ) 
is T ,n{i?.<r<^} v 7 



'S T /n{r<r~} \JS 

Using this and Proposition [28j we have 



^ (*) < , + / $ " 

,D{r<r-} T ' J^ T 'D{r-<r<r+} 



<C / (£>$)' + (t 7 ) - ^' 

7s T ,n{r<arf} v 

<C / ((D$) 2 + $ 2 



u 2 + v 2 



+ c(r'r 2 / u 2 (m 2 + v 2 (m 2 + (« 2 + « 2 ) iy*i 2 + ( ) 

7s T ,n{r-<r<^ } V V r2 J 

<C 2 I J^($)<,+C(r')- 2 f / J?mn» f +[ J Z ^ Z 



The cutoff procedure above would also allow us to localized the estimates for the bulk term: 



□ 



Proposition 30. Let G = G\ + G2 be any way to decompose the function G. Then for r' < r < (l.l)r', we 
have 
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1. Localized Boundedness Estimate 



H+ 



K N ($)+ // K Xn (<i>) 

n(r' ,r)n{r<ry} J JK(t' ,r)n{r<i?-} 

2 

r+1 

^ /■ „m i I / II rp- 




<c\, *i*)<. + \l,_AJ^n Gt * 



G?+E // r^(d™G 2 ) 2 



+ sup / G 2 2 . 

*»e[r'-l,r+l] J St ,n{|r-3M|<f }n{r<2if } / 

Localized Decay Estimate 

£ T n{r<-|} JH(t\t) 

K N ($)+ ff K x °{<$>) 



C 



/ / 1 \ 2 

( / G?)'**) + // . G i 

r'-l V-^^.n^^} / / iiR(T'-l,r+l)n{r<^} 



+ E// r^(5™G 2 ) 2 + sup / G 2 V 

m=0 JiK(r'-l,r+l)n{r<2il} t* £ [r'- l,r+l] 7s t . n{ |r-3M| < f }n{r< S£ } / 

Proof. Applying Proposition [25] to the equation = G, we have 

/ (*) nk + / (*) < + + // KN (*) + [[ „ (*) 



+ £,[[ - J+4 fcG 2 ) 2 + sup / 

m=0 iiR(T'-l,T+l) V 7 f£[r'-l,rtl] ./£ t . n{|r-3M| <-f } 

Since by the finite speed of propagation, $ = <I> in {r < ^-}, we have 



2 



JS T n{r<^} Jh(t',t) J JK{T',T)n{r<r-} J J-R.(T',T)n{r<ij-} 



r+1 1 ^ 2 



+ E// r 1+5 (a™G 2 ) 2 + sup / 

n J JH(t'-1,t + 1) v 7 t*e[T'-l,T+l] JE t »n{|r-3Af|<^} 



G 2 
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Now, we choose a particular G. Define G to be G for r < rfc, and for r > It can be easily shown 

r 



that one can have the bounds |<9 t ™G| < | ( — J c\"r fc G| < GE )- fc <9 t "r fe G| for ^ < r < 

k=0 ^ ' ' k=0 

Therefore, we have 

/ J» (*) < T + / ^ (*) < + + // K N ($)+// ($) 

JS T n{r<-|} J-H(t',t) J J1Z(t' ,T)n{r<r~} J JU{t' ,r)n{r< V } 

<ci / ^ (*r, + ( r +1 (7 g?v^ +// ( G ? 

E T , W - Wr'-l \ Js t ,n{r<Sif} / / J J TC (r'-l,r+l)n{r<Sif } 



E// r^(^G 2 ) 2 + sup / G 

m=0 J "'^'- 1 ^ + 1 )n{'-<^} f£[r'-l,r+l] JE t »n{|r-3M|<f } 



m=0 * 

We can now conclude the Proposition using Proposition (2U □ 
We can remove the degeneracy around r ~ 3M using an extra derivative. 

Proposition 31. Let G = G± + G 2 be any way to decompose the function G. Then for t' < t < (l.l)r', we 

have 

1. Localized Boundedness Estimate 

1 1 ($) 

J JK{T',T)n{r<±^-} 

E / J " < T , + E ( f ^ ( i (d^G,) 2 ) dt* 



<G 



m=C 
1 



+ E// (a™Gi) 2 + E // 



r 1+s (5™G 2 ) 2 

+ l)n{r<2il} 



sup E / ( 9 ™G 2 ) 



Localized Decay Estimate 

K Xl ($) 



•R(r',r)n{r<-^} 

^ C ( t ~ 2 E / ^ +Ar " z < , + c E / ^ (9™$) < , ] 

c I E ( / T+1 ( / (^go 2 ) dM + E // ( 5 ™ G i) 5 

\Jr'-l VS«.n{K^} y y m=0 iiK(r'-l,r+l)n{r<|l} 

E // r^(9 t ™G 2 ) 2 

1 i- N 

2 



+ sup E / ^'Gi) 

t*e[r'-l,r+l] m=0 Js t ,n{|r-3A/|<f }n{r<2if} y 

Proof. We repeat the argument in Proposition [501 using Proposition EB1 instead of [23 □ 
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When using the conservation law for Z , we can ignore the part of the bulk term that has a good sign. 
Definition 4. Let ($) = max{A' z >™ Z ($) , 0}. 

Using the conservation law for the modified vector field, we have a one-sided bound: 
Proposition 32. 



JS T JH(t',t) 



K(t',t) JJR(t',t) 



($) + | u 2 £$ + t/L* - -wS G|. 



4 



Remark 6. In. i/ie above Proposition, the left hand side is not claimed to be positive. Note, however, that 
the right hand side is positive by Remark^ 

Remark 7. We note also that j u ^ T , T \ J^' w (<£■) n fi+ ^ because Z and are both null and future 

directed and w z = on the event horizon. 

To show that J" s J^' wZ ($) is almost bounded, we would have to show that J E ,n{r<r~} W n s 
in fact decays. This is given by the following Proposition: 



Proposition 33. 

Js T ntr<V> 



's T n{r<V} 

+ Cr- 2 / / Kl' wZ (*) + CV- 2 1 / / f U 2 L$ + t- 2 L$ - 1 wi 



K((1.1)~ 2 t,t) J J1Z((1.1)- 2 t,t) 

2 

,T+1 



c 



l(l.l)-' T -l\ls t *n{r<%-} J j /^,((l.l)-V-l,r+l)n{r<^} 



+ G(]T // r 1+5 (^G 2 ) 2 + sup / G 

Proof. By Proposition [3012 applied to the i* interval [(1.1) _1 t, r], we have 

K N ($) 

K((l.l)- 1 r,r)n{r<r i ;} 



2 



<Gr- (*)n* + G 2 J"(*) W 



S (l.l)-i T n{r<r,,} 



+ G V / / r 1+5 (5^G) 2 + sup / G 2 

Vm^O"'M(l-l)- 1 -r-l.T+l)n{r<^} t*et(l.l)-ir-l,r+l]yE t .n{|r-3M|<^-} / 

By taking the infimum there exists f £ [(1.1) _1 t, r] such that 

/ JfWn&^CT- 1 [[ K N m. 

JE f n{Kr~) J JTZ((l.l)- 1 T,T)n{r<r-} 
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Hence, 



<Cr- 2 / JP«>» (*) n£ + Cr" 1 / J? (*) n£ 

^(i.i)-!. T ■/=(i.i)-i r n{r<r?} * T 

+ ^ ( E // rl+S ( d ?' G f + SU P / G ' 2 ) ■ 

\ m =a J Jn«i.i)-iT-i,T+i)n{r<8&} t*e[(i.i)-V-i lT +i] ./E t .n{|r-3M|<f } / 

Apply Proposition [BUI 2 to the i* interval [f , r] and use Proposition [231 and I3"2l 

Js T n{r<V} 

<G f t- 2 / ($) ^ + C [ J? (4) 

+ C f V // r 1+s (5™G) 2 + sup / G 2 

\ m =0^tt((ia)-V-l,T+l)n{r<J$f-} **6[(l-l)- 1 T-l,r+l]7E J »n{|r-3Af|<^}n{r<^} 



(1.1)- 
(1.1)-1 T 



+ C 2 r-W #(*K, 

^ (u) - lr n{r<rj} 



+ C[J2 (9™G) 2 + sup / G 2 



^V- 1 / J? (*)< ^ +Gr" 2 / J*+*«* (*),£ ^ 



S (1 .D-i T n{r<r-} ^ T JS (11) 



-(l.i)- 



( u 2 L$ + « 2 L4> - i w $ ) G| 



+ C[y // r 1+5 (a-G) 2 + sup / G 2 



(16) 

Replacing [(1.1) _1 t, r] with [(l.l) _2 r, (l.l) _1 r], we get also 

<G 2 r- / (*) < + Gr- 2 f J*W M (*) < 

+ Gr" 2 / / A'^G ($) + Gr- 2 | f f (u 2 L<S> + v 2 L<S> - lw$) G\ 

J J-R((1.1)- 2 t,{1.1)- 1 t) J J7?,((l.l)- 2 T,(l.l)- 1 r) V 4 / 



VmrO" / " /w (( 1 -l)- a T- 1 .( 1 - 1 ) _I ' r + 1 )n{r<^-} 



sup / G 

t*e[(l.l)- 2 T-l,(l.l)- 1 T+l] -/s t ,n{|r-3A/|<f-}n{r<2*l} 



(17) 
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Therefore, plugging (JTTJ) into (|TB| . 



<C 2 r- 2 j J" ($) < + Gr~ 2 / (*) < 

-2 /Y ^2,i" Z CA> , n,-2| ff I „,2 rj , „2r- 



Ct- 2 KX' w ($) + Cr- J | // U 2 .L$ + <L$--w$ G| 

•/•/■R.((1.1)- 2 t,t) J JlZ((l.l)- 2 T,T) V 4 / 

■ C f V // (d"G) 2 + sup / G 2 

\ m=0 J '^((l-l)- 2 ^-l^ + l)n{'-<2if} fG[(l.l)- 2 T-l,r + l] Js t .n{|r-3M|<f }n{r<5£} 



□ 



Proposition [33] immediately gives control over the non-degenerate energy and conformal energy using 
Propositions [28] and [32] respectively: 

Corollary 34. For any 7 < 1, 



S T JE r n{r<7T} 



/ / A^ wZ ($) + I // ( u 2 IA> + v 2 L<P - ±w§) G\ ) 

J Jk(to,t) JJtZ{to,t) V 4 / J 



+ C V // (i*)V+ 5 (d t ™G) 2 + sup / (i*) 2 G 2 

V^O^^C^-l.T+l)^^^} t . e[To _i jT+ i] 7s t ,n{|r-3M|<f }n{r<^} 

Proof. By Proposition [28] 



JE T n{r<7T} JS T JE T n{Kr;} 



Therefore, by Propositions 1321 and l33l 



<g(/_ J?(*X n ^+L Jjf- W^,.,, + //_.. . _ .^-"(*) 



TC((1.1)-V,r) 



K((l.l)- 2 r,r) 



w 2 i$ + i7 2 L$ - iw$ 



+ Cr 2 [J2 r 1+S (9™G) 2 + sup / G 2 

We then use the same estimate for [(l.l)" 4 r, (l.l) _2 r], [(l.l)- 6 r, (l.l) _4 r], .... □ 

The term JJ n r To T \ K + ' w ($) can be controlled. Here is where the control of the logarithmic divergences 
from the red-shift vector field is crucially used. 
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Proposition 35. 



J JTKt'.t 



■R.(t',t) 

<C [f t* (r- 2 J» (*) + r- 4 $) +e ff {t *f K N ($) . 

J JTZ(T\T)n{r>r Y } J JTZ{t' ,T)n{r<r Y } 

Proof. See 0. □ 

The bulk term arising from the inhomogeneous term G can also be controlled. 
Proposition 36. 



u 2 IA> + v 2 L<P - iw$ 



<S' / / (t*) 2 K x ° ($) + 6' {t*) 2 K N ($) 

+ 5' sup (7 J* +N ' wZ (*X t ,+(t*) 2 [ 

+ C(<5') _1 y) /7 (f*)V+« (9™G) 2 + C^')- 1 f [ T ( [ r 2 G 2 ) dt* 

m=0 J Jn(T ,T)n{r<^} \Jto \Ji: t *n{r>^} } 

+ C{S'y 1 sup / {t*) 2 G 2 

t*e[To,T]J-£ t ,n{ry<r<12M-} 



Proof. Two regions require particular care to deal with. The hrst is the region {r < r Y }, since the coefficients 
of the vector field Z are not bounded as r — s- r+. The other is the region {\r - 3M\ < M}. This is where 
trapping occurs and where the integrated decay estimate degenerates or loses derivatives. We first look at 
the region {r < r + } using the null frame: 



K(T ,T)n{r<r Y } 



u 2 L<$> + v 2 L$ - -w$ ) G\ 



<C [f ((t*) 2 + (r* s ) 2 ) (\Vy<S>G\ + (1 - fi)\V Y <f>G\ + (1 - M ) £ l V ^* G l ) 

J JlZ(T„,T)n{r<r-} \ A ) 

using Proposition [27] 
<C [[ (t*) 2 (|log|r-r + || 2 |V^G| + |Vy<I>G|+E|V^$ G |) 

J Jn{T ,r)n{r<r Y } \ A ) 

<S 1 1 (t*) 2 ( | log |r - r + || 4 (V^$) 2 + (\7y<£) 2 + £ (V Ba $) 2 ] 

J Jn(T ,T)n{r<r Y } \ A J 

+ C{5')- 1 [ [ {t*) 2 G 2 
<5' [[ (t*) 2 K N (t>) + C(5'r 1 I f (t*) 2 G 2 . 

For the region {?y < r < ^^-}, where trapping occurs, wc integrate by parts in t* so that the bulk term 
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does not have 9t*4>, which cannot be controlled by the integrated decay estimate. 

u 2 IA> + v 2 L<S>- ^w<f>j G| 



* Y-' — 8 



<C [[ (t*) 2 \d r <S>G\ + (t*) 2 \<Pd t *G\+t*\<S>G\ + f t 2 \<S>G\+ [ t 2 \<S>G\ 

(rf(<£ 2 + (d r <pf) ) (E // (rfid^Gf) 

-o,r)n{r<25M} V / J \^ o JJ n{roT)n{r -< r <25M } I 



+ 8' f r 2 J.f +6' [ 

iE r n{r-<Kr-<2fi) Jt, tq n{ry <r< 

+ C(<5')- 1 sup / (r) 2 G 2 , 
t*e[r ,T] is t .n{r-<K«} 

using Proposition [T51 We then move to the region { 2 ^- < r < 

[u 2 IA> + v 2 L<P - -iy$ ] G| 

'K(T„,T)n{2fi<r<^} V 4 / 

<C// ((t*) 2 \d<£\ + t*\<S>\)\G\ 



<G // r- 5 - fl ^ + r — j;(*)n£ t< 

''K(T„,T)n{2^<K^} V 

1 

( r 3+« + ( t *)V+ 4 ) G 2 J 

W(T ,r)n{2fl<r<^} / 

1 I. 

<c( [[ (f^fr-^a + r- 1 - 4 ^^)^ )V f // (f)V+ 5 G 2 V 

V^(7,„T)n{2^£<r<^.} V * y / \^/fc(T ,T)n{2ijSl<T-<£} / 

Finally, we estimate in the region {r > ^-} : 
| / / ( u 2 L$ + w 2 L$ - ) G| 

J J-R(T ,r)n{r>-^} V 4 / 

<C sup (7 J^(*X.+(0 2 / ^^)<X[ T ([ r 2 G 2 \ dt\ 

t*e[r ,r] yjE t »n{r>V} JS ( ,n{r<r--} / Jt \JS t .n{r>V> / 

where we have used Proposition [28]The Proposition follows from Cauchy-Schwarz. □ 

We have therefore proved the following decay result associated to the vector field Z. 
Proposition 37. For 8,8' > sufficiently small and < 7 < 1, there exist c = c(8, 7) and C = C(5, 7) such 
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that the following estimate holds for any solution to O gK $> = G: 

cf j^($x T +r 2 / j;w< t 

J£ T JS T n{r<7T} 

Z+CN,w z (^u ,nff ^-l+SzfX! 



+ CS' [ [ (t*) 2 K x « ($) + C (<$' + e) // (f) 2 ^ ($) 

+ C(5')- 1 ( / [ / r 2 G 2 ]dr| // (i*)V+ 5 (d™G) 2 

yr„ \Jv t .n{r>$} J J ^ J J U(t ,r)n{r< } 

+ sup / (t*) 2 G 2 . 

10 Estimates for Solutions to = 

From this point onwards, we consider \3 gK <f> = 0. In this section, we write down the energy estimates derived 
by Dafcrmos-Rodnianski [SJ. These will be used in later sections. 



Proposition 38. 



<Cr" 2 ( f J^ Z (d™$) + f J» (dim n^ Q 



Proof. We introduce the bootstrap assumptions: 



Js T n{r<j} ./£ T 

m=0 ^ S t 
JS T n{r<J} Js T 



(18) 



(19) 



Here we think of 77 as a small positive number. We divide the interval [to,t] dyadically into To < ri < 
■ •• < Tn-i < r « = r w ith < (l-l)ri and n the smallest integer for doing such division. We then have 
n ~ log \t — t'\. We can now apply Proposition[30]on the intervals [Tj_i, Tj] and use the bootstrap assumption 
(HHD: 



f K x ° ($) + /"/" ff* 



($) 



<C / JA« ($) < t + C / j; (<&) r^. 
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Similarly, we can apply Proposition 1301 on the intervals [rj_i,Tj] for 9 t »$ and use the bootstrap assumption 
(HI: 

K Xo {d t *<f>)+ [j K N {d t *$) 

R(T,-i,T,)n{r<^} J JlZ(Ti-i,Ti)n{r<ry} 



<C rr* f J^ z < t + C [ J? < t 



By Proposition [251 we have 



By Propositions [26l and I3T1 we have 

r- 1+5 K Xl ($) 

72.(Tj_i,r«) 



n-i,Ti) m =0 Js n-> 



<C / / K Xl ($) + Crr 1+S / / K Xl (*) 



:0 St o 

Apply Proposition [371 we get 



JT, T JE T n{r<7T} 

<C / J^+ CAr ^ Z ($) n£ + C // t*r- l+5 K x ' ($) 



+ C5' (t*) 2 K X( > (*) + C + e) / / (t*) 2 X w ($) 

JJ7?.(ro,r)n{r<-^} J JK(r ,T)n{r<r i ;} 

< ( C + (C + CL4 + CM 2 (25' + e)) £ r? J ]T / J;f+™.«* (9™$) ^ 

V z=0 / m=0^ ST o 

2 

<(C + 7 ? - 1 (C + CA + CA 2 (2,5' + e))T") V / J^ +CN ^ Z . 



Now take A large, e = ^ and <5' = |, we improve ([18)1 . Apply Proposition [37] again, this time to <9i*i>, we 
have 

c / J? <"* (0 t . *) + r 2 / ^ (ft. $) 

JS T JS T n{r< 7 r} 

<C f J*+ CN ' wZ +C ff t*r~ 1+5 K x > 

JS T0 ni JJk(t ,t) 

+ C6' [f {t*) 2 K Xo {d t ^)+C{5' + e)[[ {t*) 2 K N (d t ,$) 

i«(T T)n{r<£-) JiR(To,T)n{r< ri ;) 

/ n— 1 n— 1 \ 2 

< f c + c x; n + ca(2s' + e ) x x / ^ +civ ' wZ (^*) < o 



i=0 i=0 / m=0 St o 

2 



< (C + Cr + CA(25' + e)r 1+ ") £ f jZ+cn^ z ^ 



m=0 
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Now take A large, 5' = e and e sufficiently small, we also improve ([TO]) . □ 

In particular, the Theorem of Dafermos-Rodnianski [5J is retrieved. 

Corollary 39 (Dafermos-Rodnianski). Suppose = 0. Then for all rj > and aZZ M > £/iere exists 

ao suc/i i/iat i/ie following estimates hold on Kerr spacetimes with (Af, a) /or which a < oq : 

1. Boundedness of Non-degenerate Energy 

I J? (*) «£ T + /' J? (*) < + + // ($)+// (d>) 

JS T JH(t ,t) J JK(To,T)n{r<r~} JJ11(t',t) 

<cf j»m< To . 

U. Decay of Non-degenerate Energy 

r 2 j J? (*) < + c / J* +N - Z (4) < r < Cfr 1 "^ £ / J/f ^ „m . 

JS T n{r< 7 r} JS T m=0"' S -0 

and 

2 

r 2 / J» ($) + c / J* (*) ng T < Cr" £ / J* (flj?*) < . 

5. Decay of Local Integrated Energy 
For t' <t < (l.l)r', 

/ / K x ° ($) + // if " ($) < Cr- 2 +" V f jZ+cn, w z (a m $) n M _ 

J iR(r',T)n{r<f} ^^W(T',r)n{r<r-} m=0 JS TQ 

and 

3 . 



JV,r)n{r<f} m =0^o 



Proof. 1 follows directly from Proposition [5H 2 contains two statements. The second one is a restatement 
of Proposition [35J The first one is evident from the proof of Proposition [35] 3 again has two statements. For 
the first statement, we revisit the proof of Proposition [38] Notice that the bootstrap assumptions are true. 
Hence it holds. For the second statement, we note by comparing Propositions l30l and I3T1 that K Xl can be 
estimated in the same way as K Xa except for an extra derivative. The second statement in 3 can then be 
proved by re-running the argument in Proposition 1381 with an extra derivative. □ 

11 Estimates for and Elliptic Estimates 

Away from the event horizon, we can control all higher order derivatives simply by commuting with <9 t » 
and using standard elliptic estimates. We write down a general version of the estimates in which we have 
inhomogcneous terms. 

Proposition 40. Suppose O gK $ = G. For m > 1 and for any a, 

1. Boundedness of Weighted Energy 

' m— 1 /. m — 2 



/I I lib ± p III 4. p 
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2. Boundedness of Local Energy 
For any < 7 < 7', 



f r a (D m $) 2 

JS T n{r y ;<r<7t*} 

(m— 1 /. /. 
E / «i + - Q ^~ 2 / ^ (*) < 

j=0 "'S T n{r<7't*} V 7 JH T 



+ E / r^G)' 

j=0 J£ T n{r< 7 't*} 

Proof. This is obvious for m = 1 (even without the restriction r > ry ) . We will proceed by induction. Take 
S ^ Jy 4 r+ . Assume 

m— 1 / m— 2 „ m— 3 

E / - Q (^'*) 2 ^ E / ^ n k + E / rQ {D j Gy 

We want to show 

/ m—1 m— 2 

/ r<* (£™$) 2 < C E / ^ (4*) »i + E / r " (D J G)' 

which would then imply the conclusion. Denote by A 9K the Laplacc-Bcltrami operator for the metric gx 
restricted on the spacelike hypersurface t* = constant. Notice that since dt* is Killing, the operator is defined 
independent of t* . Then we have 

fc+i 

|[A 3K ,D fe ]$|<cEl^l- 
i=i 

Denote by V the spatial derivatives with respect to the spatial coordinate variables in the Schwarzschild 

(t* s , rg, Xg, x 2 g) coordinate system. On the set {r > ry — Ty J + }, A gj< is elliptic and therefore controls all 
spatial derivatives: 

f r a (D m <P) 2 

J£ T n{r; 



r>r Y —6} 



m—1 



<C [ r a f (D m - 2 A gK ^) 2 + E {D J <S>) 2 + r- 2 $ 2 + (c^V*) 2 + (dp$) 2 

JS T n{r>r i ;-2 1 5} \ J = 1 

The last two terms are obviously bounded by C J s (<9[? _1< I>) n^, . The second term can be bounded 
using the induction hypothesis. The third term can be bounded using the Hardy inequality in Proposition 
[nO Finally, to estimate the first term we use the equation □ 3A - < I ) = G. Then, by the form of the Kerr metric, 
A SA .$ = G — ff****^ 2 .* - 2g t '^d t ,d r <^. Therefore, 



f r a (D m - 2 A 9K <Z>) 

./S x n{r>r~-2(5} 



<C I r a ( (D m ~ 1 dt*$)' 1 + (D m - 2 G) 2 

(m—1 * m—2 p 

E/ r«J^(^)n^ + E / r*{DlG)' 
j=Q JTj T j = Q J^T 
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where at the last step we have used the induction hypothesis for d t * We have thus proved the boundedness 
of weighted energy. To prove the second part of the Proposition, consider the function x(~)^ ( T ) f° r a fixed 
time t* — r, where x '■ ^>o ~~ * ^>o is supported in {x < 7'} and is identically 1 in {x < 7}. Now 

where x an d X are supported in {7 < — < 7'}. Thus, by the estimate just proved, 
/ r a (D m >$>) 2 



< 



E / raj " < T + / ^~ 4 * 2 + E / r ° 

j—Q ^E T n{r< 7 / r} v 7 is T n{ 7 Kr< 7 'r} j_o ^s T n{r< 7 'r} 

(m— 1 « p m—2 „ 

E / r ° J " n k + - M \ r*J» (*) < + J2 r< * ( D3G Y 



by Hardy inequality in Proposition 1191 □ 

Remark 8. The boundedness of local energy should be seen as a decay result because for example for the 
homogeneous equation, the right hand side of the inequality decays. 

Near the event horizon, higher order derivatives can be controlled by commuting with the red-shift vector 
field as in [7], [5]. The computation here will be completely local, i.e., only in the region {r < ry}. 
We have the following estimate for higher order derivatives: 

Proposition 41. Suppose O gK $ = G. For every m > 1, 

r I C to— 2 . 

/ {D^f<c[ E / ^(4^)^ T + E/ (D j G)' 

J^n{r<r Y } V j+fe < m _i ^S T n{r<r"} v 7 j=0 7S T n{r<r"} 

Proof. This is obvious for m = 1. We will proceed by induction. Suppose, for some m > 2 that 

m— 1 p if rn — 3 ~ \ 

E / (^*) 2 < G E / J " < + E / (D j G) 2 . (20) 

Since n gif (9 t «$) = d t >G, this immediately implies 

/ (ft-D- 1 *) 2 < C f E / ^ fe^$)< T + E / 

' (21) 



Since U gK $ = G, we have D gK (r<I>) = yG + 0(l) (L> 2 $ + £>$). Then using the induction hypothesis ([20 
(both on Y§ and $), we have 



m— 1 « 9 

E / K*) 



E / ^(4^ +1 *K + E / (&YG) +E / 

m-2 



(22) 



\ )+k <rn-l J ^n{r<r-} V / j=0 -/E T n{r<.y} 



47 



Using the null frame {V,Y,Ei,E 2 }, 

U gK (D' n - 2 <P) = - 4Vy VyD m - 2 <i> + ^D m ~H + P x D m - 2 <§>, 
where P\ denotes a first order differential operator. Notice that we also have 

(m-1 
\D j $\ + \D m ~ 2 G\ 
0=0 

Now using a standard L 2 elliptic estimate on the sphere, 

f ^ D m-2^2 dA <c [ I (D m ~ 2 G) 2 + V (D^f + (_D m_1 Vy$) 2 I dA, 

hi Js> \ J 

where we notice that the constant can be chosen uniformly because the metric on the sphere is everywhere 
close to that of the standard metric. Therefore, after integrate over {r + < r < ry} and applying ([20)) and 
(1221) . we have 

2 £) m - 2 $| 2 



/ 

« / m— 1 

<C / (D m - 2 G) 2 + V (D^) 2 + (D^Vy®) 

Jv T n{r<r-} \ j=Q 

(„ to— 2 „ 

E / ^(^^)< T + E/ (D j Gy 



(23) 



Combining (EU) , and (H3J), we have 

c I r to— 2 „ 

/ (Z?™$) 2 <C ^ / + £ / (D j G)" 



□ 



We show that the currents associated to Y k Q can actually be controlled. Again, in view of the nonlinear 
problem, we work in the setting of an inhomogeneous equation. 

Proposition 42. Suppose O gK $> = G. For every k > 0, 

j» (y**) nl + f j» (y fc $) n^+fj k n (f fe a> 

E T n{r<r+} V 7 JH{t',t) V 7 J jR(r',T)n{r<r~} V 

<C\ Y [ J" (d{,Y m <t>) n£ , + V / J/7 (4^1 < 

+E// ( $2 + ^H< t 0+E// (^' G ) : 

^ / /7i(r',r)n{r<^} V V 7 < 7 ^ 7 7 K (r%r)n{r<^i} 

Proof. We prove the Proposition by induction on k. The fc = case is trivial because the right hand side 
simply contains more terms than the left hand side. We suppose the Proposition is true for k < ko — 1 for 
some fco > 1. Commuting D gK with Y for ko times, we get 

□ 3A .f fco $ = K ko Y ko+1 $ + 0(l)Y k °d t «® + O(e)D k0+1 ^ + 0(1) J2 D ^ + yk °G. 
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We now use the energy identity for the vector field N, i.e., Proposition[7]for Y k 3>. Notice that Y is supported 
in {r < Ty} and therefore each term is supported in the same set. 

/ J/7 (Y^) < t + / J/7 (f fen $) n^+ff K N (Y k °$) 

JS T n{Kr+} V 7 JH{t ,t) V 7 J JK(T ,T)n{r<ry} 

jN fyko^\ n £ +e ff K Y (y fco $ 

S TQ V 7 T ° 7 J7?.(To,T)n{r-<r<r+} V 



+ // (<9 t « y fe °$ + e y fcn+1 $) (-K t(i f io+1 $ + o(i)y feo 9 { , 

J JK(T ,T)n{r<r+} V 7 V 

fco 

+0(e)L» fco+1 $ + 0(1) Dj ® + ^ G 
j'=i 

The crucial observation in [7] is that one of the inhomogeneous terms has a good sign and thus gives 
J/7 (y fe °$) n £ + / j» (y**) nl + [[ K N (y*°*) 

V 7 JH(t',t) V 7 J J TZ(t' ,T)n{r<r-} V 7 



2 



K(t',t) 

<C ( / J/7 (Y k °$) n& + [[ K N (Y k °<p) +e [[ (D ko+1 <S>y 

\JT, T ,n{r<r+} ^ 7 T ° J Jn(T',T)n{ry<r<r+} ^ 7 J J K(t' ,r)n{r<r+} 

fco 

(Y k °G) 2 

)D{r<r+} 



+ [[ J?(d t *Y k °-^)n^+Y: II + (^) 2 + // 

J Jn(r',T)n{r<r+} K 7 ~[ J J 1Z(t' ,T)n{r<r+} JJU(t',t 

<c[f J/7 (f fc °<i>) + ff (D^f + eff (D k ^) 

fco 

+ // j/7 (a.?*- 1 *) + 2 // (d^) 2 +11 



J 

Using Proposition 1401 with an appropriate cutoff, 

fco + 1 r r 

E // + (^*) 2 

J = 1 JJR(T',T)n{r y <r<rJ} 

(fco f* f* fco - 1 p p 

E// (* 2 + j ? ) + Y, (d^g) 

^ JJK(T>,T)n{T<mi}\ >* \ J *J £jj 7 / K(r ,, r)n{r <23M } 

Using Proposition |4TI 



)n{r<r+} 



fc ; /> /• 

E// , _(^*) a 



TC(T',T)n{r<r~} 



<C V // J/7(4F m $)<, + V // (£PG) ! 

V 3 +m<fc„-l 77K (-'.-)n{-<^} V 7 ' J=0 ^^K(r',r)n{r<r-} 

(fc— 1 
J+ nt^k -l J ^n{r<r+} \ 7 ^ Jx T n{r<r+} V 7 

+ E // J/7(4^)<, + E // (D 3 G) 2 
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using the induction hypothesis (on 9™$ instead of $) at the last step. Similarly, using Proposition HT1 
eff (D k « +1 <S>) 2 



k-1 



<Ce\ V // J" (4?™$) < . + V // (D j G) 2 

\ ]+m <k JJ K(T',T)n{r<r-} V ' * J=0 JJn(r',r)n{r<r-} 

WJw(r',r)n{r<r+} V 7 - / E T ,n{r<r+} V 

v 2 



+ E// J? +Y, (D j G) , 

f-^JJn(r',r)n{r<2ML} " V / « ^iiR(T',T)n{r<«} ^ 

where again the induction hypotheses is used at the last step. All these together give 

f Wy*o$)„£ + I Jj? (Y k °$)n» + [[ K N (y fco $) 

E / ^ f 4 f m *)<,+Y I J » f 4 $ ) , 



fe 



E // f* 2 + J^fs?.*)^.)+E / (D j GY 

^ JJK(T>,T)n{r<2ML}\ V / W ^y W (r',r)n{r<a¥£} 



+ ^ // ^(^ fc °*)<. 
JiR(r',T)n{Kry) V 7 

The Proposition can be proved by noticing that 



(r',r)n{r<r y ,} x ' 



< c / / ( y feo $ 



and absorbing the small term to the left hand side. □ 

We now specialize to the case O gK $> = 0. The above Proposition implies that the behavior of Y fe <£> is 
determined by the behavior of 9™$ in the region {r < ^p}. 

Proposition 43. Fix k > 0. Suppose O gK <S> = and suppose for some constants a,B > (independents of 
r), 

k 



E/ ($ 2 + J^(^a> 



Then 



and 

E // A w (^f™$)<c(r'r Q ( e / (4^*) • 

j+1^^^(r',r)n{r<r ? } V ' \ J+m <k J ^ V / 

Remark 9. In i/ie applications, we will apply this Proposition with B being some energy quantity of the 
initial condition. 
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Proof. We will proof this with a bootstrap argument. Suppose for all r that 

E / + J? (^f m $) n^ r < Ar- a | I J?(di*Y m <f>)n^ o +B). (24) 

This obviously holds initially for any A > 1 (and in particular independent of $). By taking r' = r — _ftT, for 
some (large and to be chosen) constant K and r > 2K, Proposition l42l implies 



j +m <fc V^n{Kr+} V 7 iJR(T-K,r)n{Kr-} V 

^(e / , + /?(^*H-«+E/ , 

A' 



£ / . .. ... .„. •* + '? *»)»6, 



■R.(r-if,r)n{r<2^i} 



\ J +m</c- yS -^n{r<r+} ^ 7 y 

using the assumption of the Proposition and using Proposition 1401 



<c(a(t-at" ( E / 

using the bootstrap assumption 
<Cr- a I J2 A I J? 

Yj'-|-m<* Et o 



(4. y m $J + B ] + KB T - a 



n£ + AB + KB 



Notice that C is independent of K. By selecting a t* slice, we have that for some f, 



f <( 

<CK- X T- a E A / J" (H*Y m ® 

\j+m<k ^ Et o 



Now apply Proposition 25] on [f, r] to get 



E / . ^(4^11 



J+m <^S T n{r<r+} 

<c ( e / + ^ (^ m *) «£, + E / + # (4*) < 

\ i+m <fc^S f n{r<r+} V 7 ?=0 Js T n{r<r+} V 

fc 



E// 

\-4 e a/ ^(4 



<CK- L T- a I E A / J m (3^ m $) ng ro + AB + I + CB(A" + l)r" 

\j+m<fc y 

^CAK-V -0 E / J " {dt'Y" 1 ®) n£ To + (CAR- 1 +CK + C) Bt~ c '. 



j+m<k Et 
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This would improve (pHf if we choose K = 4C and A sufficiently large. Hence we have proved 
1 J" ( di.Y m $) < < Cr- a { Y [ { d{,Y m 1>) 71^ +B\ 



E 

To prove the second statement of the Proposition, we simply use the first statement and Proposition 221 d 

We can use Corollary to show the decay of Y k §. 
Corollary 44. Suppose O gK $ = 0. Then for t' < t < (l.l)r', 

E / + 

i+m <fe^n{r<r+} V 7 

<Cr"^ ( J] / < T0 + E/ jZ , +CN > 



E // ^ W (4^ m $) 

<Cr- 2 +" ( J] / # ^ +J2f J*+ CN < T0 



12 Estimates for Q$ 

In this section, we would like to prove estimates for fr$. The estimates for f2$ are useful to provide an 
extra factor of r in the energy estimates. 



Proposition 45. 



f r 2 \f 2 <S>\ 2 <C'[ Jj? ($,d t *$,n$)n£ . 

r i-5|y 2$ | 2 <c fj r- x - s j* U,d t ,$,m) n£ . 

K{t' ,T)n{r>r~} JJK(t',t) ^ ' 4 



r 



l - s \f 2 $\ 2 <C I K Xl + (ft<E> 



'K(r',r)n{r>r v -} JJ1Z(t',t) 

In order to prove such estimates, we commute d ffK with f2. Recall from Section [4.31 that 
|[D 9ic ,fi]$| < Cr" 2 (\D 2 <P\ + \D<f>\) everywhere, and 
p flJC ,n]*=0, forr<i? n . 

Now suppose D ffA , $ = 0. We have 

e-i 

U 3K =53^[n gK! 0]Q^- 1 $ =: G nj . 



j=o 



Since [£>, 0] = D, we have 



i e+i 
\G n ,e\ < Cr- 2 ( £ (|U a n»'*| + |DfP$|) + £ 



and Ga t £ is supported in {r > Rq}. 
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Definition 5. 

En.z= It r 1+s Gl e + sup / G n / ■ 

J JK{t'-X,t+1) t*e[T'-l,T+l] JS t »n{|r-3M|<-f } 

This is the error term for the energy estimates for Cl $. We show that this can be controlled. 
Proposition 46. 

1 £-1 



En.i <C V V // X x » (d t ",W$) |CV (c\", l $) 

m=0j= o •/•/R(r'-l,T+l)n{r>Jfa} V 7 m=0 JJK(r'-l,r + l)n{r>fl n } 



Proof. 



1 1 r 1+5 G\ 



2 

il.r 



^ C E // r ~ 3+s ( (D 2 n j $) 2 + (dm®)' 

j=0 J Jn(r'-l,T+l)n{r>Rn} V V J V J 

+ CV// r- 3+5 (^<I>) 2 

j=0 ^ •'7Z.(T'-l,T+l)n{r>fln} 
m=0 3 =0' / ' /K ( T '- 1 ^ + 1 ) n <^- R "} 



m=0"'"' K ( r '- 1 < T + 1 ) n { r ^- R «} 



1 £-1 



<CVV // K x ° (dgOVQ) + C V // A" Xo (9™$) . 

m =oj=o"'"'' R ( T '- 1 > T + 1 ) n {'^ i? «> ro=0 iiR(T'-i,T+i)n{ r >fl o } 

By choosing i?n sufhciently large, the second term of E^.e vanishes. □ 

We can show that the non-degenerate energy of fr<I> is almost bounded. 

Proposition 47. Suppose D gK $ = 0. Then 



J N » (n** < + / ^ (ft**) < + + / / ^ (n'* + / / ^ 

S T V ' JU{t ,t) V 7 J JlZ(T ,T)n{r<r-} V 7 J J11(t ,t) 



<c E / ^(^Vk to 

l+7<£ Et o 



Proof. We prove this by induction on £. The £ = case is true by setting G — in Proposition Wc 
assume that the Proposition is true for I < £o ~~ 1- This in particular implies, after a commutations with the 
Killing vector field df , that 
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By Propositions [52] and 0H 

/ f &°$) n£ + / J?( Q e °$) < + + ff K N ( &°<Z>) + ff K x "( n*>$) 

J£ T V 7 Jn(T ,T) V 7 ii-R(r ,r)n{r<r-} V 7 JJtZ(t ,t) V 7 

'V/'ofo^ „f _i_ f f ^1+^2 , c „„ /* /nr? . I 



<C / J" J1H n£ +// r 1+ *G&,+ sup / Gf 

\JE ro V 7 T ° J Jk{t'-1,t+X) ' t*£[T'-l,T+l] ./E t »n{|r-3M|<-f } 

<C [ / (f^) < + C £ E // f^'* 

m=0 J JK(T -l,T+l)n{r>Rn} ) 



Remark 10. Oniy £/ie £ = 1 case will be used. 



□ 



13 Estimates for S<& 

We will now use the energy estimates that we have derived to control 5$. In particular, we would like to 
prove a local integrated decay estimate for 5'$. This will be used in the next section where we prove our 
main theorem. Recall from Section |4~21 that for r large 

\[n gK ,s}*- (2 + ^) - 1 - ^) ((7 - 1) - ^) A*l < cer-* { ± |0**|), 

and that for r < R, we have 

2 

|p flJCI 5]*|<C7(EP fc *l). 
fe=i 

From now on we will prove estimates for 5$ by considering the wave equation that it satisfies. We will 
assume, as before, \3 gK <E> = and let G denote the commutator term, i.e., O gK (S$>) = G. If we look at our 
estimates in the previous sections, we will need to control G in three different norms. We now consider them 
separately 

Proposition 48. Let r' < t < (l.l)r'. Then 



and 




In other words, we can get more decay if we localize and allow an extra derivative. 
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E // r^{d™Gf 



^ C E If r ~ 3+S {{dT'D 2 ^) 2 + (d™D®f + (rd™fi$)' 

- -' -'iZ{t'-1,t+1) 



m=0 



noting that the S in the two lines are different 

<c J2 ([[ 

VMr'-l.r+l)n{r<^} \ ' 

+ [[ r-^J?(d?m k $)n^) 

J JK(r'-l,T+l)nlr>4- V ' 



'K(T'-l,r + l)n{r>-^ 

by Proposition |40l gl] and [45] 



m+k<£+3 \"' s ni JZt / 

+ c E [ T+ \t*r 3+s ( I ^fe 



?0$J n£l eft* 
using Corollaries [39l 04] and Proposition |47] 



<C r -l+') ^ j f jZ.w z fdmyk^j^j ^ + £ / jW fomy 
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We then move on to the localized version: 

t 

V // r 1+5 (9™G) 2 

m=0 J Jn{r'-l,r+l)U{r<m-} 
t 

^ Q JJn(T>-i,T+i)n{r<s£} v 



m+k<Z+l \J JK(T'-l,T+l)n{r<% } V ' 



3+5 fJV I pfm 

rc(T'-i,T+i)n{^<r<iffi} 



by Proposition 001 01] and [45] 

+ C E r\n- 3+S ([ J Z , wZ (d™<f)n^ o +C f J»(dZY$)n»)dt* 

+cE [ T+ \tr 3+5 ([ 



using Corollaries [39] 04] and Proposition 07] 



□ 



To estimate the inhomogeneous term in the region r < we would also need to estimate a term not 
integrated over t* which arises from the integration by parts. 

Proposition 49. For r' < r < (l.l)r', 
sup E / 

<Cr- 2 +" (/ J 2 , 1 "* (d™W$>)n^ Q +C f J? fatten*). 

m+j<£+3 \*' E *- / 
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Proof. 



— 3M|<¥ } 



sup J2 \ 

t«S[r'-l,T+l] m=0 JS t .n{\r 

<C sup V / ((D 2 d^) 2 + (Ddl^f + (r^d^) 2 

t*£[r'-l,T+l] m=0 7 Et ,n{r-<K^} V 



<c sup [2 / n£, + 2 / (na™$) n£, 

f6[r'-l,r+l]^^n{r ? <r<2V t } * r ^ 7s t . n{r-<,<2Ml } V / ^ 

by Proposition 00] and 05] 

m+j<£+3 \^ St o "' s t 



using Corollary [39l and Proposition [47] 



Finally, we estimate the third norm: 
Proposition 50. 

2 



Proof. 



m=0 



<C V ( [ T (t*)- 1+S ( I ((D 2 <S>f + (Dd™$f + (rfd t ™$) 2 M di* 

<c f r(t*)- 1+i f E / + W (nap*) n»] dt* 



m+j<£+3 St 



□ 



□ 



Now that we have control of the inhomogcneous terms in the equation O gK $> = G, we can prove the 
decay of S<&. To this end, we will introduce the bootstrap assumptions: 



c / J^ Z (d t , S$) n£ r + r 2 / J* (d t , S<S>) 

Js T Jj: r n{r<jT} 

2 

JT, T JS T n{r< 7 T} 



(25) 



(26) 
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We think of A as some large constant to be chosen. We will improve the constants A and A 2 in the above 
assumptions. Under these two assumptions, we will get the following three estimates for the bulk terms: 

Proposition 51. 

K Xl (dt-S®) 

K{t ,t) 

y ) Ti=l"' ST o m+k+j<5 St o 

Proof. By Proposition [^H] for the equation D gi( (dfS§) — dt*G, taking r' = ro and G\ — 0, G2 — dt*G. 
Then use Propositions l48l and l49l to estimate the terms with G. □ 

Proposition 52. For r' < r < (l.l)r', 

// K N {d t *S§)+(( K Xa {dt-S<S>) + [I r- 1+s K Xl (SQ) 

J Jn{r' ,r)n{r<r-} J Jn(T',T)n{r<^-} JJiZ(t ,t) 

<CA ( r- 2 / J^ Z (S$) n»,+C I J* (5$) n£ , ] 



+ CAT- 1+r > I J i 



m+fe+j<5 St o 



Proof. By Propositions I50l and |3"TI taking Gi = and G2 = G, and using Propositions B5l and H^l to estimate 
the terms with G, we have 

II K N (d t *S$) + // X Xn (cVS*$) + // (5$) 

J Jn(T',T)n{r<r~} J Jn(T',T)n{r<i^-} J Jn(To,T)n{r<i^} 



<CA \ t~ z / J^ 1 " (5$) ng , + G / J^ v (5$) 

/s T , T ./E T ,n{r<ry} 



m+fc+i'<5 St o 



m+fc+j'<5 

It now remains to estimate r~ 1+s K Xl in the region r > V- Here, we will use crucially the decay in r. 
Clearly, 

/ / r~ 1+s K Xl (5*) < Gr~ 1+5 / / A' Xl (5$) . 

iix(T ,T)n{r>|-) J JTI(t ,t) 

Then we can estimate the right hand side by Proposition [26l taking r' = tq and G\ = 0, G2 = <9t*G. Then 
use Propositions 05] and 05] to estimate the terms with G. □ 

Proposition 53. For r' < r < (l.l)r', 

J Jll(T',T)n{r<r~} J JU(t' ,T)n{r<t^-} 

<CA 2 ( r- 2 / (5$) < , + G / J* (5$) < , j 

m+fe+j<4 St o 

Proof. This follows from using Proposition [301 taking Gi = and G2 = G, and using Propositions H51 and 
[491 to estimate the terms with G. □ 
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We are now ready to retrieve the bootstrap assumptions. First, we retrieve the bootstrap assumption! 
Proposition 54. 



c [ J^ Z (d t . S<S>)n^ + r 2 / J? (d t « S<S>)n^ 

JJ2 T JS T n{r<7r} 
2 

% r E / J ' +CN ' wZ {d ™ s * ] <v> + r 1+71 E / J * +CiV,roZ (ap^*) < 

Proof. By Proposition [37l 

c / J*<«* (d t , S3>) < t + r 2 / J* (d t , S<S>) ng r 

js t „ 7 J~r,(to,t) 



CS' {t*) 2 K Xo (d t *S$) + C(6' + e) (t*) 2 K N (d t *S$) 

J Jn{T .T)n{r<^-} J Jn{T a ,T)C\{r<r-} 

°( S 'y 1 \ [ T I / r 2 (ft,G) 2 ) df] +C{5')- x Y j (( (t*) 2 r 1+S (d™Gf 

\ 7r„ \7Vun-fr>£l- / / J JlZ(Tn,T)nir<^\ 



't y7s t ,n{r>^} / / m=1 7 7rc(T ,r)n{r<ail} 

sup / {rf(d t ,Gf 



r'W sup / ^2 fa r „2 

t*e[ro,r] 7s t .n{r-<r<^} 

It suffices to check that by Propositions [48j [49] and \50\ all terms are acceptable. □ 

We can now retrieve the bootstrap assumption (|26|) . 
Proposition 55. 



7s x 7s T n{r<7r} 

y m =0^ ST o m+ fe +:( -<5 7s TQ 

Proof. By Proposition l37l 

7s T JS T n{r<7T} 

<C / J^+ CA, ^ Z (5$) < + C // t*r- 1+5 K x > (5$) 

7S T „ T ° JJiKt„,t) 



1t J«(r ,r) 

Ctf / / (t*) 2 i<r Xo (S$) + C ($' + e) ff {t*) 2 K N (5$) 

77rc(r ,T)n{r<±l} J Jn(T ,T)n{r<r-} 

°( S T 1 \ [ T ( [ r 2 G 2 ) ' dt*) + CiS'r 1 Y ff (t*)V+ 5 (9™G) 2 



'to \7s t ,n{r>-^} / I m=0 J Jn(r ,T)n{r<%-} 

+ C{5')- 1 sup / (r) 2 G 2 



J'W sup / ( + ^2^2 
t*e[r 0l r] 7s t .n{r-<r<2^«} 

It suffices to check that by Propositions |4"51 |4T)1 and [501 all terms are acceptable. □ 
We have thus showed the following: 
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Proposition 56. For all rj > 0, there exists e > small enough such that for Kerr spacetimes satisfying 
(0), the following estimates hold: 

J'Er JE T n{r<7r} 
2 

< CtV J2 I Jl +CN ' wZ (d£S$) n^ o + Cr r < J2 I J* +CN ' wZ (8£YW*\ n^. 



m=0 "^o m+fc+j<5 iT o 

Moreover, for r' < r < (I.I)t', 



TC(r',r)n{r<ry} J JiZ{t> ,r)n{r<^} 

2 



m=0 " ^0 m+fc+j<5 St o 



and 



K (5$) 

7?.(T',T)n{r<-^} 



Proof. The first statement is proved by the bootstrap above. Since the bootstrap assumptions are true, the 
conclusion in Proposition [53] is also true, hence the second statement is true. The third statement makes use 
of the fact that K Xl can be estimated in the same way as K x ° with an extra derivative. □ 

14 Improved Decay for the Linear Homogeneous Wave Equation 

To use the estimates for 5"$, we need to integrate along integral curves of 5*. We first find the integral curves 
by solving the ordinary differential equation 

dr s _ h(r s ) 
dt* s t* s 

where h(r$) is as in the definition of S. Hence the integral curves are given by 

exp 



rs dr s 
(rs)o h(r' s ) 



t* 



constant. 



where r > 2M can be chosen arbitrarily. Let a = t* , p = — ^ — l^-J- anc j consider (er, p, x A , x B ) as a 



new system of coordinates. Notice that 



Now for each fixed p, we have 



$ 2 (r)<$ 2 (r') + i / -S(^> 2 )da\. 

Jt' V 



Integrating along a finite region of p, we get: 



Pi pP2 pP2 pT 9 

^ 2 {r)dp< / $ 2 (r')dp+ / / \-<S>S<5>\dadp. 

Pi J Pi •> Pi Jt' ° 



CO 



We would like to change coordinates back to (t s , rs, Xg, xf ). Notice that since h(rs) is everywhere positive, 
(p,r) would correspond to a point with a larger value of r than (p, r'). Therefore, 



ars dr'„ \ 

r + ' ' rh(r s ) 



( rr s dr' q \ ( rrs dr' q \ 

-J r+ 17 T>h(r s ) J T , J r+ l <J 1 t* s h(r s ) 

exp (^s)o ) 

We have to compare v h ^ rs ^ — with the volume form. Very close to the horizon, h(rs) 

Hence 

ar s dr'„ \ 
(rs)o _ c ja )n 1 1 . 1 



= r s - 2AI. 



h(r s ) \r s -2M / 
The corresponding expression on the compact set [Vy , R] is obviously bounded. Hence we have 



^ T) <-C(l *~^ + fl l^lV (27) 



is T n{r<r 2 } T yiE T /n{r<r 2 } T ' J JTZ(t' ,r)n{r<r 2 } (**) 

This easily implies the following improved decay for the non-degenerate energy: 
Proposition 57. 



/ $ 2 < Crt- 1 // $ 2 + // (S<S>f 

'S T n{r<R} \ijR((l.l)- 1 T,T)n(r<fl) JiK((l.l)- 1 T.r)n{r<«) J 



Proof. By choosing an appropriate f G [(1-1) J r, r], we have 



Now, apply (p?7j) with r' = f , we have 



$ 2 < Cr" 1 / / $ 2 . 

S ? n{r<i?} iiR((l.l)- 1 T,T)n{r<fl) 



/ 



$2 

r<fl} 



<Cr|/" IttL^I 



E f n{r<fl} J Jn(f,T)n{r<R} (t*) 2 



<Ct-i[ $ 2 +// (5d>) 2 , 

yjR((l.l)- 1 T,T)n{r<fl} «/ JTZ((l.l)~ 1 T,T)n{r<R} ) 

using Cauchy-Schwarz for the second term. □ 
We can now conclude with the improved decay for solutions to the homogeneous wave equation. 

Proof of Main Theorem^ By Proposition 1391 1571 and 1561 we have 



/ 



$2 

<R} 



\JjR((l.l)- 1 T,T)n{r<Ji) ^^•R((l.l)- 1 T,r)n{r<_R} 



^Crt' 1 / / (K Xo ($) + K x ° (5$)) 
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Similarly we can use Proposition [571 for the derivatives of By Proposition 1551 [571 and [551 we have 

JS r n{r<R} 

<C r t- 1 ( [ [ (D-f) 2 + ff (SD$f ' 

\ijR((l.l)- 1 T,r)n{r<fl) J JK((l.l)- 1 T,T)n{r 



{r<R} 



<C r t- x / / (K Xl ($) + K Xl (5$)) 

J iR((l.l)- 1 r,T)n{r<R} 

since we have the commutation [D, S] = D 

<c R T- 3+ri lj2 f jz+ GN >™ z (ap J s#)n£ TB + ^ / j,f+ CAr - z (apra^) n 

By commuting with d t * , we get 

T, T n{r<R} 

(e+a . . 
E/ jZ +CN ' wZ (d™S$)n» To + Yl / J* +CN ' wZ (dptW$) r, 
m=0^ E ^o m+k+j<e+6 St 

Without loss of generality, we can take R > Then, by Proposition g3J 

E / + ^(4^)^ r 

j+m<^^n{r<r+} V y 



Hence, by Proposition l40l and |4T| 

E / (^*) 2 



The pointwise decay statement follows from standard Sobolcv Embedding. □ 



15 Discussion 

The Theorem that wc proved in this paper holds in the set {r + < r < R} for any fixed R. It is however 
interesting also to derive the same estimates, for example, in the set {r + < r < -y}. This can be achieved 
by proving the full decay result when we commuted the equation with (l . Using this we can prove (with 
more loss in derivatives) that 

for r < -y. This will be useful in studying nonlinear problems. This decay rate will be proved as a corollary 
in our forthcoming paper on the null condition. 
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